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The effect of fine structure on the stability of planar vortices
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Abstract

This study considers the linear, inviscid response to an external strain field of classes of planar vortices. The case of a
vortex has been considered elsewhere, and an enstrophy rebound phenomenon was noted: after the vortex is disturbe
feeds from the non-axisymmetric to mean flow. At the same time an irreversible spiral wind-up of vorticity fluctuation
place. A top-hat or Rankine vortex, on the other hand, can support a non-decaying normal mode.

In vortex dynamics processes such as stripping and collisions generate vortices with sharp edges and often with ban
of fine scale vorticity at their periphery, rather than smooth profiles. This paper considers the stability and response o
of vortices that vary from a broad profile to a top-hat vortex. As the edge of the vortex becomes sharper, a quasi-mode
and vorticity winds up in a critical layer, at the radius where the angular velocity of the fluid matches that of a normal m
a top-hat vortex. The decay rate of these quasi-modes is proportional to the vorticity gradient at the critical layer, in ag
with theory. As the vortex edge becomes sharper it is found that the rebound of enstrophy becomes stronger but slow

The stability and linear behaviour of coherent vortices is then studied for distributions which exhibit additional fine s
within the critical layer. In particular we consider vorticity profiles with ‘bumps’, ‘troughs’ or ‘steps’ as this fine structure
modified evolution equation that governs the critical layer is studied using numerical simulations and asymptotic anal
shown that depending on the form of the short-scale vorticity distribution, this can stabilise or destabilise quasi-mode
may also lead to oscillatory behaviour.
 2003 Éditions scientifiques et médicales Elsevier SAS. All rights reserved.
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1. Introduction

In two-dimensional turbulence the vorticity distribution is dominated by isolated coherent vortices [1–3]. These mov
plane, and between collisions behave approximately like a collection of point vortices with the same circulations [4].
of the internal dynamics of a given vortex, once its motion is factored out, it is subject to a time-dependent straining fie
the other vortices, at a leading approximation. This raises the question of how the vortex responds to an irrotationa
forcing, and the related problem of vortex stability. There have been many studies of the stability and behaviour of
vortices, but less is known when the vorticity has more complex structure, as can occur through collisions and proc
vortex stripping [5,6]. Vortices which are approximately axisymmetric but have fine structure also occur in other fluid flo
example three-dimensional turbulence (e.g., [7]), and atmospheric and oceanographic flows (e.g., [8–11]). Motivated
applications, the aim of this paper is to extend results known for smooth vortices to such complex vortices that are mo
of those seen in many fluid flows.
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It is found that during the process of spiral wind-up of fluctuating vorticity [13] there is a noticeable suppression o
axisymmetric vorticity. This was further explored in [14,15] where a ‘rebound phenomenon’ is described: when the v
strained enstrophy is transferred from the mean, axisymmetric component of the vortex, to the non-axisymmetric com
which are subject to spiral wind-up. However during this winding-up process much of the enstrophy is transferred bac
that is, it rebounds. Subsequent papers [16–18] reveal that this is closely connected with the existence of ‘quasi-mo
in the vortex, which we will discuss shortly. These processes of spiral wind-up and axisymmetrisation observed fo
perturbations to a Gaussian vortex stand in contrast to the inviscid behaviour of a top-hat vortex [20] (also known as a
or Kida vortex): in a time-dependent strain field this remains elliptical for all times.

The Gaussian (or Lamb) vortex, while it is a solution of the Navier–Stokes equations with smooth vorticity chara
by a single length-scale, is however not that typical of the vortices seen in practical examples [1–3]. For example, the
of vortex stripping [5,6,21] can lead to vortices with sharp edges and weak vorticity around the periphery. This occurs
vortex is strongly strained (by other vortices in the flow) and vorticity is pulled off from the edge of the vortex in thin s
essentially the vorticity is stripped along separatrices of hyperbolic stagnation points in the flow field. If the vortex now
to an approximately axisymmetric distribution, what is left is a vorticity profile with a sharp edge and weak vorticity beyo
edge. This vortex is characterised by two length scales, that of the original vortex, and the width of the edge. If the weak
is smooth (an assumption we later relax below), such a vortex lies somewhere between a Gaussian and the top-hat v

In this paper we begin by setting up a family of vortices with a parameterσ : whenσ = 0 the vortex has a broad profile, b
in the limit σ → 1 the vortex approaches the top-hat vortex. (The stability of a similar family is studied in [17].) We inves
numerically the evolution of vortices in this family when subjected to impulsive strain, under a linear approximation an
absence of viscosity. Our aim in Section 2 is to quantify how the rebound effect changes as the vortex edge become
We will find that the rebound phenomenon is strengthened in this limit: an increasing amount of vorticity is transferre
mean from the fluctuating components asσ tends to 1. In this limit the time-scale of the transfer process also grows. Not
we consider impulsive strain, which is idealised; for example in two-dimensional turbulence a vortex is inevitably imme
a weak strain field generated by the other vortices (varying on a time-scale of the order of the inverse strain), although
this becomes stronger when another vortex comes close. Although a paradigm, this is the simplest excitation to use t
the stability of vortices and the transfers of enstrophy when azimuthal structure is generated. Other strain fields could
though our experience is that the rebound of vorticity becomes enhanced in the (adiabatic) limit of slowly varying strain

In fact the time-scale of the enstrophy rebound is governed by a ‘quasi-mode’: this is best understood using the
Balmforth et al. [16] (hereafter referred to as BLSY) who consider a vortex consisting of a compact core with a we
of vorticity superposed. The core, which could be a top-hat vortex for instance, has vorticity that is strictly zero beyon
radiusr = r0 and it can support a normal mode of the formg(r)einθ−in�t . The frequency� determines a critical radiu
rn where this frequency matches the angular frequency of the fluid motion. Ifrn lies outside the compact vortex the mode
undamped; however, if a weak skirt of vorticity is superposed then the mode is damped, or can be destabilised, dep
the vorticity gradientω′(rn) at the critical radius [16–19,22]. In Section 3 we set out relevant theory, based on [16], and c
that the rebound phenomenon corresponds to the damping of such quasi-modes by measuring the damping rates and
with theoretical predictions.

The above theory of quasi-modes relates the damping of a normal mode to the gradient of weak vorticity in a thin
layer, whose width is asymptotically of the order ofε = ω′(rn). It is based on the assumption that the vorticity distribut
is smooth in the critical layer; however owing to vortex interactions a typical structure can have a quite complex v
distribution at its periphery. Not only is the stripping mechanism mentioned above important, but two other processes
of significance. The first is axisymmetrisation: if a strongly perturbed vortex relaxes to axisymmetry (though it does noalways
do this) the final state is often characterised by a coherent vortex, surrounded by a ring of vorticity [23,24]. This eff
also be seen in weakly nonlinear theory: spiral wind-up of vorticity fluctuations is accompanied by a feedback on th
that can leave behind kinks in the axisymmetric vorticity distribution [14–16]. The second process is that of vortex c
When two or more vortices interact, a variety of strongly nonlinear processes can take place, one of which is the de
of a weak vortex and the wrapping of weaker vorticity (of either sign) about a strong vortex [25–28]. This again can le
vortex possessing fine scale structure at its periphery including rings of weak vorticity of either sign, with implications
robustness of the vortex to external disturbances [26].

These various processes lead to vortices with finer scale vorticity, varying within the critical layer, and in this case th
not be a single well-defined value for the vorticity gradient there. (Note that this idea of a critical layer with fine scale v
structure within it, has elements in common with studies of ‘vorticity defects’ [29,30] in which a region of localised vorti
embedded within a shear flow.) We consider the effect of different types of structure in the critical layer on the stability
haviour of quasi-modes, within the linear, inviscid approximation. In Section 4 we extend the theory of BLSY to this case
gives rise to a coupled system of an integral equation and a differential equation; these are studied numerically and
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ically. We consider a number of possible profiles for the vorticity distribution in the critical layer including localised ‘steps’,
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‘bumps’ and ‘troughs’, which we will define below. Depending on the form of the fine-scale vorticity, the quasi-mode can
bilised or destabilised, and it may also demonstrate oscillatory behaviour. Finally Section 6 offers some concluding dis

2. Rebound of enstrophy in a family of vortices

We begin by summarising the governing equations for linear and weakly nonlinear disturbances to a planar vo
further background see [12] or [14]. The vorticity equation may be written in the dimensionless form

∂tΩtotal+ J (Ψtotal+Ψext,Ωtotal) = R−1∇2Ωtotal, (2.1)

∇2Ψtotal = Ωtotal, ∇2Ψext = 0, (2.2)

whereR is the Reynolds number,Ωtotal is the total vorticity,Ψtotal the associated stream function andΨext the stream function
of the externally imposed irrotational flow. The JacobianJ (a, b) ≡ r−1(∂ra ∂θ b − ∂θa ∂rb) in polar coordinates(r, θ). The
split into the two stream functionsΨtotal andΨext is fixed by their far field behaviours:Ψtotal is generated by the localise
vorticity distributionΩtotal and grows at most logarithmically asr → ∞. The external stream functionΨext can be though
of as generated by distant vortices or moving boundaries, and grows algebraically withr ; it can be specified as a harmon
function with arbitrary time-dependence.

Near the vortexΨext can be expanded as the sum of terms of the formrn e±inθ , for n � 0. If Ψext is generated at som
distance from the vortex, the dominant effect on the internal dynamics of a vortex comes from then = 2 term and so we sha
henceforth restrict ourselves to the case

Ψext = δq(t)rn einθ + c.c. (n = 2), (2.3)

where ‘c.c.’ denotes the complex conjugate of the preceding expression. (Although we have fixedn = 2, we leaven in below
to indicate the general structure of the problem.) The constantδ in the following analysis is considered to be a small parame
0 < δ � 1, since we are considering weak external flow; for an extension of our weakly nonlinear analysis for the G
vortex see [15]. Within (2.3) the functionq(t) is complex-valued and determines the time dependence, amplitude and orie
of the external straining flow.

We now expand vorticity in powers ofδ � 1 as

Ωtotal= Ω0(r, t)+ δ
[
ω(r, t)exp(inθ)+ c.c.

]+ δ2[ω2(r, t)exp(2inθ) + c.c.+Ω2(r, t)
]+ O

(
δ3), (2.4)

with a similar form forΨtotal. Note thatΩi andΨi denote mean, axisymmetric components, while the termsωi , ψi give the
fluctuating, non-axisymmetric components. To keep later notation simple we have omitted a subscript ‘1’ from the ordeδ fields
ω andψ .

When this expansion is substituted into (2.1), (2.2) we obtain equations for the mean fieldsΩ0, Ω2 and the azimuthal fieldω:

∂tΩ0 = R−1∆0Ω0, Ω0 = ∆0Ψ0, (2.5)

∂tω + inαω − inβ
(
ψ + qrn

)= R−1∆1ω, ω = ∆1ψ, (2.6)

∂tΩ2 − inr−1∂r
[(
ψ + qrn

)
ω∗]+ c.c.=R−1∆0Ω2, Ω2 =∆0Ψ2, (2.7)

where

∆m ≡ ∂2
r + r−1∂r − n2m2r−2, α ≡ r−1∂rΨ0 and β ≡ r−1∂rΩ0. (2.8)

The full governing equations (2.1), (2.2) have a number of inviscid integral invariants: in particular we consider the en
E ≡ ∫ 1

2Ω
2 dr, which is conserved for any external forcing of the form (2.3). As discussed more fully in [14], in terms

weakly nonlinear expansion we can define two contributions to enstrophy at orderδ2, from the mean and azimuthal componen

Emean(t) =
∞∫
0

Ω0Ω22πr dr, Eazi(t) =
∞∫
0

|ω|22πr dr. (2.9)

The sum of these two quantities is inviscidly conserved in the weakly nonlinear system and, with suitable initial conditi
example

Ωtotal(r,0) = Ω0(r), Ψtotal(r,0) = Ψ0(r), ω = ψ = Ω2 = Ψ2 = 0, (2.10)
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the sumEmean+Eazi is zero for all time. Thus one can study transfers of enstrophy between mean and azimuthal components,
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as we do below. We shall follow [14] and consider an impulsive external strain field. Imposing a unit impulsiveq(t) is equivalent
to using the initial condition

ω(r,0+) = inrnβ = inrn−1∂rΩ0 (2.11)

for the leading order azimuthal vorticity (from (2.6)) and thereforeEazi = −Emeanis increased to some positive valueE0 at
t = 0+. For a Gaussian vortex, ast increases enstrophy is transferred, i.e., rebounds, from the azimuthal to the mean com
[12,14]. EventuallyEazi and−Emeanboth decrease to asymptotic values of about 25% ofE0.

We now extend these results to vortices with sharper edges and introduce the one-parameter family of vortex profi

Ω0(r) = 1

4π

1− tanh[(r2 − σ2)/4(1 − σ)]
1+ tanh[σ2/4(1 − σ)] , (2.12)

obtained forσ with 0 � σ < 1 and normalised soΩ0(0) = 1/4π . If σ = 0 then the vortex has a smooth, broad profile a
behaves in a similar manner to the Gaussian vortex while in the limitσ → 1 the vortex acquires a top-hat profile with

Ω0 = 1/4π, α = 1/8π (r < 1), Ω0 = 0, α = r−2/8π (r > 1). (2.13)

A code was written (based on NAG routines) to solve the governing system of Eqs. (2.5)–(2.7). With initial condition
by (2.10), (2.12) the equations can be marched in time for any particular forcingq(t). We have in mind inviscid evolution
with R−1 = 0 in this system, and then the basic vortexΩ0 remains time-independent in the absence of viscous sprea
However we have to include some viscosity to stabilise the code and the results below were obtained with largeR, typically
between 106 and 108. Various values in this range were used in order to confirm the robustness of the results. This, t
with the conservation ofEmean+Eazi and the good agreement with inviscid theory given below, indicates that diffusive e
are negligible in the results obtained. Although the aim is to ascertain the evolution of the vortex under an impulsiv
for numerical reasons we setq(t) = 2T −1

maxsin2(πt/Tmax) for 0< t < Tmax andq(t) = 0 otherwise. We tookTmax= 1 which
is substantially shorter than other time scales in the problem, with the result is that the forcing is effectively equivale
impulsive strain att = 0. The corrections resulting from the finite value ofTmax are small, of order at mostα(0)Tmax � 4%,
and we make no further mention ofTmax.

With the initial conditions (2.10) an impulsive strain field att = 0 generates the non-axisymmetric componentω according
to (2.11), and so transfers enstrophy fromEmeanto Eazi, with

Eazi(0+) = −Emean(0+) = E0(σ ), (2.14)

whereE0(σ ) can be found for the family of profiles by substituting (2.11), (2.12) inEazi (2.9) and computing the integra
numerically. The integral is of order(1− σ)−1 asσ → 1, due to the sharpening of the profile.

The question then is: how doEmean(t) andEazi(t) evolve at later times for a given vortex profile? To answer this we defi
a normalised suppression factor

S(t, σ ) ≡ E0(σ )−Eazi(t)

E0(σ )
(2.15)

for a given vortex profile parameterised byσ ; S(0+, σ ) = 0 andS(t, σ ) increases as enstrophy is transferred from azimuth
mean by the rebound phenomenon. It proved useful to look at an asymptotic suppression factor for the given vortex d

S∞(σ ) = lim
t→∞S(t, σ ). (2.16)

Fig. 1 shows the evolutions of the normalised mean and azimuthal enstrophies as functions of time for different valuesσ . The
solid line corresponds toσ = 0, the broadest vortex profile, and this shows the most rapid suppression of azimuthal en
at moderate timest � 400. For large times we obtainS∞ � 0.8 so that about 80% of the enstrophy is transferred back f
the fluctuating to the mean component. This is a greater suppression than was observed for the Gaussian vortex
S∞ � 0.75. In Fig. 1 the dotted and dashed lines correspond to increased values ofσ = 0.75 and 0.9 and here we see a slow
initial suppression of azimuthal vorticity; however for large times the asymptotic suppression of vorticity becomes grea
S∞ � 0.82 and 0.93 respectively. In the figureσ = 0.92 (dash–triple-dot) is also illustrated:Eazi is still decreasing att = 2000
and does not saturate untilt = 4000 (not shown) withS∞ � 0.95. Finally the caseσ = 0.95 has yet slower evolution, but larg
values ofσ are not accessible by our numerical scheme.

In short, the sharper the vortex profile, the greater the suppression of fluctuating vorticity and so the greater the
but this occurs on a slower and slower time scale. Note that for a top-hat vortex, an impulsive weak strain would re
vortex slightly elliptical and it would then rotate with no transfer of enstrophy back to the mean. (This applies once the
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Fig. 1. Evolution of normalised enstrophiesEazi(t)/E0(σ ) (top curves) andEmean(t)/E0(σ ) (lower curves) for different values ofσ . The
horizontal axis shows time linearly fromt = 0 to 2000. The curves correspond toσ = 0 (solid), 0.75 (dot), 0.9 (dash), 0.92 (dash–triple-dot)
and 0.95 (dash–dot).

Fig. 2. Suppression of fluctuating enstrophyS(t, σ ) plotted againstσ for t = 100, 200, 400, 1000, 2000 and 4000.

is subject to zero background strain: if the straining field were to be maintained the aspect ratio of the vortex would os
time e.g., [20] or [31].) For anyfinite value of timet our results asσ → 1 approach this limit in which there is no rebound.

However theasymptoticrebound ast → ∞, measured byS∞(σ ), appears to increase to unity as the vortex edge is m
sharperσ → 1, corresponding to a complete rebound of azimuthal enstrophy. In this sense a sharp-edged yet smoo
appears to be more robust than a distributed vortex, as it can axisymmetrise with relatively low loss of enstrophy to a
components; however the process takes longer and longer so, on moderate time-scales, the vortex behaves largely
vortex exhibiting a normal mode.

For another view of these results, Fig. 2 showsS(t, σ ) plotted againstσ for given timest . Theσ scale thus correspond
to broad vortices on the left which become increasingly sharp asσ → 1. Forσ < 0.75 the suppression of vorticity is abo
S∞(σ ) � 0.8 and has largely occurred byt = 400. Asσ → 1, the suppression becomes progressively slower as the indiv
curvest = const. head downward; however the asymptotict → ∞ suppression (see thet = 4000 curve) increases and it appe
thatS∞(σ ) → 1 asσ → 1. Note that the above runs were performed withR = 108 andEazi + Emean= 0 to within graphical
accuracy in Fig. 1. The effects of viscosity are felt first in the azimuthal enstrophy, which is destroyed on a shear
time-scale of orderR1/3 [13,32–35]. This is evident in similar runs withR = 106 but will not be described further here.
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3. Compact vortices with skirts and fine-scale structure
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In this section we develop the theory of a compact vortex with weak vorticity at its periphery. Our aims are to unders
vorticity suppression and rebound seen for the family of vortices (2.12) studied numerically above, and to extend our
discuss the effects of fine-scale vorticity. The analysis is closely modelled on BLSY, but includes additional terms to inc
the effects of fine-scale vorticity.

3.1. Framework

The general configuration we study is shown schematically in Fig. 3. The vorticity is supposed to consist o
components. First there is the vortexΩc, illustrated here as a top-hat vortex but which can be made more general a
as it has the key property that it is compact and vanishes entirely forr > r0. It is convenient to take the vortex to have posit
vorticity, so that the angular velocity is positive and decreases outside the vortex, whereupon

Ωc(r) � 0 (r < r0), α′
c(r) < 0 (r > r0). (3.1)

Superimposed on the compact vortex is a ‘skirt’εΩs; this is weak vorticity which varies on the samer = O(1) length scale as
the main vortex itself. The third componentε2ΩL is weaker still and varies on a short length-scale localised in a critical l
as explained below.

First consider disturbances to the compact vortex aloneΩ0 = Ωc. Normal mode solutions (if they exist) take the for
ω = g(r)e−in�t , ψ = f (r)e−in�t , where from (2.6), withR−1 = 0 andq(t) ≡ 0, we have(

αc(r)−�
)
g = β(r)f = r−1Ω ′

c(r)f, g = ∆1f ; (3.2)

hereαc(r) is the angular velocity corresponding to the compact vortexΩc(r). Weassumethat the compact vortex possesses s
a normal mode for some givenn. The structure of (3.2) demonstrates that there is a critical radiusrn, defined byαc(rn) = � ,
corresponding to where the normal mode frequency is equal to the angular frequency of the flow. Let us assume thrn lies
outside the compact vortex (rn > r0) for otherwise Eq. (3.2) generally develop a singularity atr = rn [36]. Lastly, in anticipation
of the later development, it is convenient to normalise this mode so thatf (rn) = 1.

If now additional vorticity is introduced, whether it be the weak skirtΩs or fine structureΩL, what is crucial is its distribution
within the critical layer of widthε surrounding the radiusr = rn. This will generally lead to damping, destabilisation
oscillations of the normal mode thus generating a ‘quasi-mode’. To examine this, it is convenient to take our basic axisy
vortex as

Ω0 = Ωc(r)+ εΩs(r)+ ε2ΩL(Y ), Y ≡ ε−1(r − rn); (3.3)

here 0< ε � 1 andY is an inner variable within the critical layer. It is helpful to suppose that the corresponding vo
gradientΩ ′

L(Y ) falls off rapidly asY → ±∞.
The normal mode is coupled to vorticity gradients in the critical layer rather than vorticity itself and the above scalin

similar gradients for theΩs andΩL components. However the corresponding angular velocity contributions are differenεΩs
gives rise to an angular velocityεαs, whereas that forε2ΩL is at most of orderε2 and is negligible in the development belo
We note that the tanh profiles (2.12) studied above can be fitted into this framework: we takeΩL ≡ 0,Ωc a top-hat vortex, and
Ωs the exponential tail of the profile, withε scaled as its magnitude atr = rn.

We seek a solution which at leading order is simply the rotating normal mode, but which evolves on a long time scaleτ = εt ,
and setω = ζ(r, τ )e−in�t andψ = χ(r, τ)e−in�t . We see that Eqs. (2.6), (2.8) now become

ε∂τ ζ + in
(
α̃c + εαs + O

(
ε2))ζ − inr−1(Ω ′

c + εΩ ′
s + εΩ ′

L
)
χ = 0 (3.4)

Fig. 3. Schematic diagram of the axisymmetric vorticity profileΩ0(r). The compact vortexΩc is shown here as a top-hat vortex but may
fact be more general. The skirt vorticityεΩs varies on scales of order unity, while the fine-scale vorticityε2ΩL varies on a short length-sca
of orderε.
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whereα̃c(r) = αc(r) −� ≡ αc(r) − αc(rn), ζ = ∆1χ and the dashes denote differentiation with respect to variabler or Y as
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appropriate (see (3.3)).
We expandζ(r, τ ) andχ(r, τ) in powers ofε, with ζ = ζ0 + εζ1 + O(ε2) andχ = χ0 + εχ1 + O(ε2). The leading orde

system forζ0 andχ0 is simply (3.2) with solution

χ0 = f (r)a(τ), ζ0 = g(r)a(τ), (3.5)

where we recall thatf , g define the normal mode of the compact vortex anda(τ) is an unknown complex amplitude.

3.2. Outer solution

The normal mode amplitudea(τ) will be determined from (3.4) at orderε (see BLSY). We first consider this equation f
values ofr outside the critical layer, that is for|r − rn| � ε; here the fine-scale vorticity gradientΩ ′

L(Y ) is negligible, and this
leaves

∂τ ζ0 + in(α̃cζ1 + αsζ0)− inr−1(Ω ′
cχ1 +Ω ′

sχ0
)= 0, ζ1 = ∆1χ1. (3.6)

These are equations forζ1 andχ1, and (using (3.5)) may be combined as

in
(
∆1 − α̃−1

c r−1Ω ′
c
)
χ1 = α̃−1

c
(−g∂τ a − inαsga + inr−1Ω ′

sf a
)
. (3.7)

As the critical layerr � rn is approached sõαc tends to zero; however bothΩc andg (from (3.2)) are identically zero outsid
the compact vortex, and so the only singular term present isα̃−1

c inr−1Ω ′
sf a on the right-hand side, which gives a simple p

singularity. The equation may be written in the form [16],(
∆1 − α̃−1

c r−1Ω ′
c
)
χ1 = µa(τ)f (r)(r − rn)

−1 +R(r), µ = Ω ′
s(rn)/rnα

′
c(rn), (3.8)

where the remaining terms are bundled intoR(r), which is non-singular as the critical radius is approached. (Note
α̃′

c(r) ≡ α′
c(r).)

There is a corresponding singularity in the stream functionχ1, which takes the form

χ1(r, τ ) � χ1(rn, τ) +µa(τ)(r − rn) log |r − rn| + (r − rn)

{
c−(τ) (r < rn),

c+(τ) (r > rn)
(3.9)

(using the normalisation conditionf (rn) = 1). The jump in derivative is related to the behaviour inside the critical layer w
we will analyse shortly. Integrating Eq. (3.8) forr < rn andr > rn yields an equation fora(τ). This procedure is explained i
BLSY and we give only the result,

c+ − c− = iI1∂τ a + (I2 + I3 + I4)a. (3.10)

HereI1 (>0), I2, I3 andI4 are constants which are defined in terms of integrals involvingf andg that depend only on th
structure of the original compact vortex.

3.3. Inner solution and coupled system

The solution for the stream functionχ in the critical layer, defined byY ≡ ε−1(r − rn) = O(1), must match onto the
singularity identified above in (3.9). It may be written as a Taylor expansion of the outer componentsχ0, χ1 discussed above
plus an additional termΦ(Y, τ) so that

χ(r, τ) = [
χ0(rn, τ) + εY∂rχ0(rn, τ) + 1

2ε
2Y2∂2

r χ0(rn, τ)
]

+ [
εχ1(rn, τ)+ ε2aµY logε + ε2Φ(Y, τ)

]+ ε2χ2(rn, τ) + o
(
ε2) (3.11)

which acquires the singular behaviour in (3.9),

Φ ∼µaY log |Y | + Yc±, ΦY ∼µa log |Y | +µa + c± (Y → ±∞). (3.12)

From this we obtain the jump in gradient across the critical layer as the principal value integral

c+(τ)− c−(τ) = lim
Y→∞

[
ΦY (Y, τ)

]Y
−Y

= lim
Y→∞

Y∫
−Y

ΦYY (Y, τ)dY ; (3.13)

this quantity may be identified with the ‘phase shift’ which plays a key role in critical layer theory (e.g., [37]).



186 I.M. Hall et al. / European Journal of Mechanics B/Fluids 22 (2003) 179–198

In the critical layer, the vorticity equation (3.4) becomes at leading order (withχ � f (rn)a(τ) = a(τ))[ ]

e

of

e
s

de
as

elow.

for
l problem

our

. The
∂τ ζ + in(αs(rn) + Yα′
c(rn))ζ − inr−1

n Ω ′
s(rn)+Ω ′

L(Y ) a = 0. (3.14)

Note that the fine-scale vorticity gradientΩ ′
L makes an appearance here as aY -dependent term in the equation.

From ζ = ∆1χ applied to the expansion (3.11) we also deduce thatζ � ΦYY at leading order gives the vorticity in th
critical layer. Combining this, (3.10) and (3.13) yield

iI1∂τ a + (I2 + I3 + I4)a = lim
Y→∞

Y∫
−Y

ζ(Y, τ)dY (3.15)

and the two equations (3.14), (3.15) constitute a partial differential equation for the critical layer vorticityζ(Y, τ), coupled to
an ordinary differential equation for the quasi-mode amplitudea(τ). All other quantities are given in terms of the structure
the basic axisymmetric vortex.

3.4. Numerical results forΩL ≡ 0

We will consider two situations,ΩL(Y ) = 0 in this section, andΩs(r) = 0 in the next. IfΩL(Y ) = 0 there is no fine structur
and simply a smooth skirt around the vortex; it then makes sense to non-dimensionalise usingµ in (3.8), that is to base scale
on the key quantity of the vorticity gradient in the skirt at the critical layer,Ω ′

s(rn) [16]. We setL = −|µ|/I1α
′
c(rn) > 0,

T = I1/|µ| > 0 andς = −T (I2 + I3 + I4)/I1. Recycling earlier notation, we then define a time coordinatet and a space
coordinatey, given by T t = τ , L(y − ς/n)α′

c(rn) = (αs(rn) + Yα′
c(rn)), together with rescaled quasi-mode amplitu

η(t) = (T /rnL)a(τ)eiςt and vorticityζ̂ = (T /rn|µ|)ζ eiςt . Note that our choice ofy has the opposite sign to that in BLSY
we wish to retainy as a surrogate radial coordinate, withy increasing radially outwards.

With these rescalings (and dropping the hat fromζ̂ ) we obtain

∂t ζ − inyζ − inλη = 0, i∂tη =
∞∫

−∞
ζ dy, (3.16)

whereλ = ±1 gives the sign of the vorticity gradientΩ ′
s(rn) in the critical layer, defined by

λ = − µ

|µ| = −signµ = signΩ ′
s(rn) (3.17)

(bearing in mind (3.1) and (3.8b)). A principal value integral is assumed in (3.16b) (cf. (3.15)) and in similar contexts b
For the system (3.16) we use the initial conditions

ζ(y,0) = 0, η(0) = 1, (3.18)

corresponding to excitation of the normal mode only att = 0. In Section 5 below we use these initial conditions to solve
the case where there is fine structure in the vortex. Here though the system (3.16) reduces to the ordinary differentia
∂t η = πλη with solution [16]

η = eγ t , γ = πλ. (3.19)

If λ = 1 then the vorticity gradient in the skirt is positive and the normal mode is destabilised, but ifλ = −1 then the mode is
stable. As discussed in BLSY the combination of the normal mode, amplitudea(τ) and the winding-up of vorticityζ(y, τ) in
the critical layer constitutes the quasi-mode.

For our purposes we wish to compare the growth rateγ with our numerical results for enstrophy rebound. Returning to
original units,γ becomes

γ∗ = πλε/T = −επΩ ′
s(rn)/rnα

′
c(rn)I1 (3.20)

and so for a top-hat vortex withn = 2, r2 = √
2, we haveα′

c(r2) = −(8π
√

2)−1 andI1 = 64π
√

2 whence

γ∗ = πεΩ ′
s(

√
2)

8
√

2
. (3.21)

We now apply this growth rate (3.21) to the family of vortices introduced in (2.12), in the limitσ → 1, when the vortex
has a sharp edge atr = 1, of width order(1 − σ)−1, and an exponentially decaying tail of vorticity forr > 1. We take the
compact vortexΩc(r) to be simply the top-hat vortex, with the skirt consisting of the exponential tail of the tanh function
key quantity in the above analysis isεΩ ′

s(
√

2) which we equate toΩ ′
0(

√
2) (from (2.12)) to giveγ∗ = πΩ ′

0(
√

2)/8
√

2.
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Fig. 4. Exponential growth ratesγ∗ plotted againstΩ ′
0(r2), r2 = √

2. The asterisks show numerically measured growth rates for value
0.87< σ < 0.93 obtained by solving (2.6) with profiles (2.12), whilst the solid line represents the asymptotic solution (3.21).

This approximate negative growth rate is plotted as a solid straight line in Fig. 4 asγ∗ againstΩ ′
0(

√
2). Data points show

the decay rate of azimuthal enstrophy for different values ofσ from 0.87 to 0.93. These points were obtained by solving
partial differential equation (2.6) numerically for the profile (2.12) and initial conditions (2.10). The decay rates were m
from the formula for∂tEazi,

∂tE
azi(t)= in

∞∫
0

β(r)(ω∗ψ − ωψ∗)2πr dr, (3.22)

obtained from (2.6), (2.9) withq ≡ 0 andR−1 = 0. The right-hand side was computed numerically and fitted to the deca
∂tE

azi ∝ e2γ t to obtainγ (σ ) from each numerical run.
There is a reasonable numerical agreement between data points (asterisks) and the approximate theory in Fig. 4,

that the rebound phenomenon is indeed linked to the decay of a quasi-mode in the sharp-edged vortex. The agreemen
break down forσ < 0.87, when the vortex edge is too broad for the asymptotic theory to be valid. Forσ � 0.93, the timescale
required to derive the numerical decay rate is so long that viscosity is influencing the results.

The quasi-mode and critical layer vorticity may be observed in our numerical simulations. Fromω(r, t) we may reconstruc
the evolution of linear perturbations to the vortex from Eq. (2.4) and in Fig. 5 we showω(r, t)einθ + c.c. as a grey-scale plo
for various times withσ = 0.75 (left panels) andσ = 0.9 (right panels). In both cases the initial impulsive kick excite
four-lobed vorticity distribution withn = 2 (top left and right). In the evolution withσ = 0.75 this leads to spiral wind-up o
vorticity fluctuations. Byt = 2001 we see faint evidence of a quasi-mode, and we also see the diffusive decay examined
Whenσ = 0.9 note that initially the four-lobed structure is more tightly localised around the sharp vortex edge atr = 1. As
the vorticity evolves this four-lobed structure maintains its integrity: it is essentially the normal mode of the top hat
However spiral wind-up of fluctuations is occurring further out and this leads to the damping of the normal mode. The
system of damped normal mode and spiral wind-up in the critical layer constitutes the quasi-mode discussed above.

Fig. 6 shows the physical mechanism by which the normal mode component of the quasi-mode is damped in the c
the vorticity gradient is negative in the critical layer. In (a) the thicker, inner circle shows the compact vortex (of p
vorticity), say a top-hat vortex, while the thinner, outer circle denotes the critical layer containing weak, smooth vortic
n = 2 normal mode is generated by a straining distortion. This leads to a distorted compact vortex shown in (b), and so
and decreased vorticity shown by+ and−. This generates a secondary flow, shown by arrows. This secondary flow affec
vorticity in the critical layer, and with a negative vorticity gradient generates enhanced and decreased vorticity as show
The flow resulting from the vorticity in the critical layer depicted in (c) acts to counteract the original distortion in (a
net effect is to stabilise the normal mode; in the case of positive vorticity gradient in the critical layer the effect wo
destabilising. Note that this explanation is somewhat simplified as it neglects the spiral wind-up that is occurring in the
layer, leading to the integro-differential system (3.16).
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Fig. 5. Contour plot of linear vorticity evolution subject to weak viscosity,R = 108, for n = 2 with σ = 0.75 (left panels) andσ = 0.9 (right
panels). Thex andy axes range from−π to π . Reading downwards on each side we have plots at timest = 1, t = 201,t = 1001 andt = 2001.

(a) (b) (c)

Fig. 6. Physical mechanism for quasi-mode damping. See discussion in the text.
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4. Effect of fine-scale vorticity in the critical layer
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We have studied the case above of a compact vortex surrounded by a skirt of weak vorticity; in the skirt, the v
has gradients of magnitudeε. We now allow the vorticity to vary on a finer scale, and to isolate its effects we setΩs(r) ≡ 0
but allow ΩL(Y ) to be non-zero. Recalling Eq. (3.3), the full vorticity distribution is nowΩ0 = Ωc(r) + ε2ΩL(Y ) where
Y = ε−1(r − rn). The vorticity gradients in the critical layer are again of orderε, and couple to the evolution of the norm
mode amplitude to give a system possessing a quasi-mode, as we shall see below. In this case the gradient of vort
critical layer is not constant and so formula (3.21) for the quasi-mode decay rate requires modification.

We therefore return to the coupled system of the PDE (3.14) for critical layer vorticityζ(τ,Y ), and the ODE (3.15
for the quasi-mode amplitudea(τ). We delete the skirt vorticity,Ωs(r) = 0 and αs(r) = 0, and note that consequent
µ = I2 = I3 = I4 = 0 (see [16]). This leaves

∂τ ζ + inYα′
c(rn)ζ − inr−1

n Ω ′
L(Y )a = 0, iI1∂τ a =

∞∫
−∞

ζ(Y, τ)dY. (4.1)

Now that we have suppressed the skirt we need to adapt the details of the non-dimensionalisation to be appli
system (4.1). This is based on the maximum gradient ofΩL(Y ) in the critical layer and we set

µL = Ω ′
Lmax/rnα

′
c(rn) < 0, Ω ′

Lmax = max
Y

∣∣Ω ′
L(Y )

∣∣> 0, (4.2)

L= −|µL |/I1α
′
c(rn) > 0, T = I1/|µL | > 0 (4.3)

(bear in mind thatα′
c(rn) < 0 from (3.1) andI1 is positive [16]). Replacing

T t = τ, Ly = Y, η(t)= (T /rnL)a(τ), ζ̂ = (
T /rn|µL |)ζ, (4.4)

in (4.1) and dropping the hat on̂ζ gives a coupled system

∂t ζ − inyζ − inλ(y)η = 0, i∂tη(t) =
∞∫

−∞
ζ(y, t)dy. (4.5)

Now λ is a function ofy given by

λ(y) = Ω ′
L(Y )/Ω

′
Lmax (Ly = Y) (4.6)

and is the vorticity gradient of the critical layer vorticity, normalised to have maximum modulus unity. In the case wh
vorticity gradient is a constant we recover the previous definition (3.17). We remark that in developing the above theory
assumed that the vorticity gradientΩ ′

L(Y ) is localised in the skirt, falling off rapidly asY → ±∞ which allows the vorticity
itself to tend to (possibly different) constants asY → ±∞.

In view of the various changes of variables it is worth recording that a growth rateγ and the spatial variabley in the present
rescaled system are related to a growth rateγ∗ and the variabler in the original system by

γ∗ = εγ /T = (−εΩ ′
Lmax/rnI1α

′
c
)
γ, r − rn = εLy = (

εΩ ′
Lmax/rnI1α

′2
c
)
y. (4.7)

We will shortly consider a number of illustrative profiles forΩL(Y ) and soλ(y), and these are shown schematically in Fig
We recall from the introduction that vortex stripping, collisions and axisymmetrization processes often lead to a vorte
ring of vorticity at its periphery [26]. We first of all idealise such a vortex as axisymmetric (although, in practice, supe
will be non-axisymmetric fluctuations undergoing spiral wind-up). Crucial then is the distribution of vorticity in the c
layer r � rn. Representative cases to consider are when the vorticity distribution has a step-change in the critical laye
we refer to as an ‘up-step’ or ‘down-step’, this could correspond to the edge of a ring of vorticity at the critical layer. A
pair of cases could occur when there is a ring of vorticity of either sign contained within the critical layer leading to a
or ‘trough’ in the vorticity distribution. These profiles are illustrated schematically in Fig. 7: along the top row (a), (c), (
we haveΩL(Y ) representing an up-step, down-step, bump and trough respectively, and underneath in (b), (d), (f), (h
corresponding scaled vorticity derivativesλ(y), defined in (4.14) below.

To fix ideas let us return to (3.3) and consider profiles of the specific forms

Ω0(r) =Ωc(r) ± ε2w erf
(
(r − rn)/εw

)
(up/down). (4.8)

The upper sign represents an up-step in the vorticity profile at the critical layer, and the lower sign a down-step. Asε is
small, and noww = O(1) is a parameter that tunes the width and height of the step. Plainly then

ΩL(Y ) = ±w erf(Y/w), Ω ′
L(Y ) = ±2π−1/2 e−Y 2/w2

, Ω ′
Lmax = 2π−1/2. (4.9)
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Fig. 7. Schematic picture of the relationship betweenλ and the shape of vorticity in the critical layer. Top row (a), (c), (e), (g) shows
structure ofΩL(Y ) whilst the bottom row (b), (d), (f), (h) shows the correspondingλ(y). The first column shows the up-step, the second sh
the down-step, the third shows a bump and finally the fourth shows a trough.

This now fixesµL from (4.2) and soL andT from (4.3). Finally we may defineλ(y) from (4.6)

λ(y) = ±e−Y 2/w2 = ±e−y2/κ2
(κ = w/L) (4.10)

with κ a parameter, proportional tow. (Note that an arbitrary constant can be added on toΩL(Y ) without affectingλ(y) or
subsequent results.)

The other profiles we will consider are

Ω0(r) =Ωc(r) ± ε2w e−(r−rn)
2/ε2w2

(bump/trough) (4.11)

where the upper sign represents a bump in the vorticity profile at the critical layer and the lower sign a trough. This
above

ΩL(Y ) = ±w e−Y 2/w2
, Ω ′

L(Y ) = ∓2(Y/w)e−Y 2/w2
, Ω ′

Lmax = (2/e)1/2, (4.12)

which determinesµL , L andT , and then

λ(y) = ∓(2e)1/2(Y/w)e−Y 2/w2 = ∓(2e)1/2(y/κ)e−y2/κ2
(κ = w/L). (4.13)

To summarise and label these different cases, we then have the functionsλ(y) given by

λ±
1 (y) = ±e−y2/κ2

(up/down), λ±
2 (y) = ∓(2e)1/2(y/κ)e−y2/κ2

(bump/trough). (4.14)

We will also examine the effect of shifting the stepsλ±
1 within the critical layer, in whichy/κ above is replaced byy/κ − β.

5. Numerical methods and results

For a given vorticity profile there are a number of ways to pursue solutions of the coupled system (4.5) subjec
initial condition (3.18). One possibility is to solve the coupled system numerically using a NAG library routine (for exa
D03PKF). The disadvantage of this is that weak viscosity must be introduced to avoid the code attempting to trace
finer structure in the vorticity fieldζ . Alternatively one may solve forζ in (4.5a) in the form

ζ(y, t) = inλ(y)

t∫
0

einy(t−s)η(s)ds, (5.1)
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using the initial conditions (3.18), and then substitute into (4.5b) to obtain
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∂tη(t)=
t∫

0

K(t − s)η(s)ds, K(t) =
∞∫

−∞
nλ(y)einyt dy. (5.2)

If this equation is integrated from 0 tot we obtain

η(t)= 1+
t∫

0

L(t − s)η(s)ds, L(t) =
t∫

0

K(s)ds. (5.3)

The kernelL(t) may be found analytically or numerically and the integral equation (5.3) then passed to a numerical pa
A third approach yields a dispersion relation directly. In simulating the above systems, after a transient we

exponential behaviour forη(t) as t → ∞, and so we may make theansatzη(t) ∝ eγ t whereγ is the complex growth rate
Provided the kernelK(t − s) falls off rapidly (faster than exponentially) with increasingt − s, which is the case for th
examples given, we may replace the limit 0 in (5.2) by−∞ (valid after any transient) to obtain

γ =
∞∫

0

e−γ tK(t)dt . (5.4)

These three methods, based on (4.5), (5.3), (5.4) were all coded and run. All gave consistent results, as a useful chec
confirmed that the results shown below are effectively inviscid, even when weak viscosity is used to stabilise the co
case of (4.5). Note that in terms of the original formulation of the problem the growth rateγ∗ is related to our non-dimension
growth rateγ by

γ∗ = εγ

rn|α′
c(rn)|I1

max
Y

∣∣Ω ′
L(Y )

∣∣ (5.5)

(cf. (3.20)) and so is proportional to the maximum vorticity gradient in the critical layer (see (3.3)).

5.1. Steps: up and down

We now consider a number of profiles ofλ(y), beginning withλ+
1 (y) andλ−

1 (y) from (4.14), corresponding to an up-st
or down-step respectively in the critical layer (see Fig. 7(a)–(d)). Recall that the parameterκ sets the scale of the step and a
notice thatη(t) remains real for all time: this follows from (5.2), sinceλ(y) is an even function and soK(t) is real.

Numerical results for the down-step profileλ−
1 are shown in Fig. 8. The dotted curve showsη(t) for κ = 100, which is the

situation in which the vorticity gradient isλ−
1 is of large scale and essentially unity across the critical layer. In this cas

Fig. 8. Numerical behaviour ofη plotted against time for a down-step profileλ−
1 (y) with κ = 1 (solid),κ = 5 (dashed) andκ = 100 (dotted).

The large-κ decay (3.19) is shown with asterisks.
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Fig. 9. Plot of Reγ (solid) and Imγ (dashed) as functions ofκ for the down-step profile (4.14a). Dotted lines show the asymptotic results
(5.10), (5.11) for largeκ and smallκ . Note that forκ < κc � 6.018 there is a complex conjugate pair of modes: only the negative freque
Imγ are shown (i.e., Imγ < 0).

expect to recover the the decay rate (3.19) derived for a constant gradient, and shown by asterisks – the agreement i
As κ is reduced, the decay at early times becomes weaker, but the final decay becomes stronger as is evident forκ = 5. As the
scale of the down-stepκ is further reducedη(t) overshoots, and the exponential decay turns into decay with oscillations, a
be seen beginning to happen forκ = 1 in the figure.

Using the dispersion relation (5.4) the growth rateγ may be found more directly as a function ofκ . The kernelK(t) is easily
computed from (5.2) and is

K(t)= ±nκ
√
π e−n2κ2t2/4 (up/down) (5.6)

for the up-step (+sign) or down-step (−sign). Substituting into (5.4) gives

γ = ±π erfc(γ /nκ)eγ
2/n2κ2

(up/down), (5.7)

which may be solved numerically to findγ as a function of the step widthκ .
Fig. 9 shows the real and imaginary parts of the growth rateγ for a down-step determined by solving (5.7) withn = 2. For

κ > κc � 6.018 the growth rate is purely real which corresponds to exponential decay. Atκc the root collides with another rea
root (corresponding to even stronger decay) and we gain complex conjugate roots forκ < κc. As κ is further reduced, the deca
rate and frequency decrease. For smallκ , the decay is very weak, and the behaviour of the quasi-mode almost purely oscil
Note thatη(t) is purely real in this example, so oscillations do not simply correspond to a changed frequency of rotatio
quasi-mode, but to its amplitude decreasing and increasing, being zero at certain times (as for example att � 0.92 for κ = 1 in
Fig. 8). Fig. 10 shows results for the up-step profile – now the quasi-mode is always unstable with a growth rateγ that is real
and increasing withκ .

The dispersion relation (5.7) may be used to glean results valid for large and smallκ . With n = 2 andκ � 1 then

γ = ±π − π3/2κ−1 ± (
π2 + π3/4

)
κ−2 + O

(
κ−3) (up/down) (5.8)

and asκ → ∞ the vorticity gradient becomes constant in the critical layer thereby recovering result (3.19). Figs. 9 and 1
good agreement between (5.8) and the numerical results.

In the opposite limit withκ � 1 we may use standard formulae (see Chapter 7 of [38]) to give, for an up-step,

γ = cκ1/2 + c−1κ3/2 + O
(
κ5/2) (

c ≡ √
2π1/4) (5.9)

leading to exponential growth as depicted in Fig. 10. In the case of the down-step we find a similar result

γ = ±icκ1/2 ± ic−1κ3/2 ± O
(
κ5/2) (5.10)

and we note that (5.10) appears to predict purely imaginary solutions for smallκ . This is so to all algebraic powers ofκ but
there is also a weak decay given by

Reγ � −(π/2
√

e
)
e−√

π/nκ . (5.11)
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Fig. 10. Plot of the real growth rateγ (solid) as a function ofκ for the up-step profile (4.14a). Dotted lines show the asymptotic results (
(5.9) for smallκ and largeκ .

Fig. 11. Behaviour ofη(t) for a narrow down-step,λ−
1 (y), with κ = 0.1. We show numerical results (solid) and the asymptotic approxima

(dashed)η ≈ cos[(cκ1/2 + c−1κ3/2)t], c ≡ √
2 π1/4, derived using (5.10).

The oscillatory behaviour of the amplitudeη(t) for a narrow down-step withκ = 0.1 is shown in Fig. 11. Fig. 12 shows th
corresponding vorticity field in the critical layer at times corresponding to minima or maxima inη(t) in the left-hand panels, an
times whenη(t) = 0 down the right-hand side. We see that the vorticity field becomes increasingly braided as time inc
yet retains the same overall structure at corresponding points on theη(t) curve. In a coarse-grained sense, at the minima/max
the vorticity field has anM or W configuration in terms of the white regions, while at the zero-crossings the white and
regions are aligned iny. The physical picture shown earlier in Fig. 6 is too simplified to capture the case of fine struc
the critical layer; however we note that the dominant feedback on the normal mode component will occur precisel
the zero-crossings when this alignment takes place. Note that in the code (weak) viscosity is acting to smooth out
fluctuations in the vorticity field. The smoothing of such fine-scales is virtually irrelevant to the evolution of the amplitudη(t)

as it is forced by a term that integrates over the vorticity (recall (4.5)), and this is confirmed by the excellent agreement
inviscid frequency in Fig. 11.

Finally we consider when a step is displaced by an amountβκ from the centrey = 0 of the critical layer. This models th
situation when the edge of a ring of vorticity is no longer exactly centred atr = rn. If we set

λ±
1 (y) = ±e−(y/κ−β)2 (up/down), (5.12)

the solutions forη(t) are complex-valued. The real part of the growth rateγ is shown in Fig. 13 as a function ofκ , for a down-
step with different values ofβ. It is seen that for each value ofκ the quasi-mode remains stable asβ is increased from zero an
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step away
on

hat
becomes
r:
Fig. 12. Vorticity fieldω(y, t)e2iθ + c.c. plotted in grey scale against(θ, y) for 0< θ < 2π and−0.3< y < 0.3. The times are (a)t = 20.4,
(b) t = 23, (c)t = 25.6, (d) t = 28.1, (e)t = 30.7, (f) t = 33.2, (g) t = 35.8, (h) t = 38.3, (i) t = 40.9 and (j)t = 43.4, corresponding as close
as possible to the maxima, minima and zeros of the amplitude of the quasi-mode. The sequence of plots starts in the top left and the
left to right and top to bottom (times of maxima and minima appear in the left hand column, zeros in the right).

the step moves out of the critical layer, but the quasi-mode is less strongly damped. On the other hand, shifting an up-
from the centre reduces the instability growth rate. Asymptotic results for largeκ may be obtained from the dispersion relati

γ = ±π erfc(γ /nκ − iβ)e(γ /nκ−iβ)2 (up/down) (5.13)

giving

Reγ = ±π e−β2 − π3/2 e−β2

(
1− 4β

β∫
0

eu
2−β2

du

)
κ−1 + · · · (up/down) (5.14)

for n = 2, which is plotted in Fig. 13 with dots. The factor of exp(−β2) that runs through the asymptotic result tells us t
as we increase the displacement of the step from the centre of the critical layer the relevant growth or decay rate
exponentially small. It should be noted that we have considered only positive shiftsβ away from the centre of the critical laye
replacingβ by −β simply gives the complex conjugate growth rateγ , from the form of Eq. (5.13).

5.2. Bumps and troughs

We now consider the case of bumps and troughs of the fine-scale vorticity distribution in the critical layer. The formsλ±
2 (y)

we consider are given in (4.14) above (see also Fig. 7(e)–(h)). The dispersion relation becomes

γ = ∓i
√

2π e
[
1− √

π(γ /nκ)erfc(γ /nκ)eγ
2/n2κ2]

(bump/trough): (5.15)
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e focus
ally and

-step. For
Fig. 13. Plot of Reγ againstκ for different values of displacementβ. Solid curves are numerical results for down-stepλ−
1 (y) (top plot) and

up-stepλ+
1 (y) (lower plot), given by (5.12). Dashed curves show asymptotic behaviour given by (5.14). The displacementβ takes the values

β = 0, 0.25, 0.5, 0.75 and 1.0.

Fig. 14. Plot of Reγ (solid) and Imγ (dashed) as functions ofκ for the trough profile (4.14b). The growth ratesγ for a trough profile are the
complex conjugate of those for the bump profile. Dotted lines show the asymptotic results (5.16) for smallκ and (5.17) for largeκ .

plainly the trough profile simply gives the complex conjugate growth rate of the equivalent bump profile, and so w
on the case of a trough only. Results for growth rates are shown in Fig. 14 and are found by solving (5.15) numeric
asymptotically. The effect of the trough is to destabilise the quasi-mode, with Reγ > 0 (solid curve) for the whole range ofκ .
Together with growth we have oscillations, since Imγ �= 0 (dashed curve).

We find asymptotic results (dotted curves on Fig. 14) by the same methods used to analyse the up-step and down
κ � 1 andn = 2 we again use standard results from Chapter 7 of [38] to give

γ = 1

2
(
√

3∓ i)
√

2(π e)1/6κ2/3 + O
(
κ4/3) (bump/trough) (5.16)
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γ = ∓i
√

2π e+ eπ3/2κ−1 ∓ 1

4
i(2π e)3/2(π + 2)κ−2 + O

(
κ−3) (bump/trough). (5.17)

These asymptotic results confirm that the amplitude of the quasi-mode possesses unstable oscillations for bumps or
the critical layer.

6. Discussion

In this paper we have considered the stability and dynamics of vortices with sharp edges and additional fine structu
periphery. Such vortices arise naturally through strongly nonlinear interactions in two-dimensional turbulence and
geophysical applications. To understand issues of stability we have examined an idealised model of an isolated, axis
vortex and excited non-axisymmetric motions by an impulsive strain. We obtain quasi-modes with damping or grow
related to the magnitude of the vorticity gradient in the critical layer; note that for vortices in practical situations per
vorticity may seem weak in magnitude and so unimportant, but gradients can still be strong through stripping and
processes. Obviously the significance of such instabilities depends on how the time-scale of growth or damping comp
other time-scales in a full dynamical problem, for example the time-scale between vortex collisions.

First we considered a family of isolated vortices varying from a smooth profile at one extreme to a top-hat vorte
other. In the limit of the top-hat vortex, the dynamics is dominated by the vorticity distribution in a thin critical layer, whe
angular velocity of the fluid flow is resonant with that of a normal mode. This mode can be considered as an elliptical d
of the top-hat vortex and, depending on the vorticity gradient, positive or negative, the mode will be destabilised or st
respectively. In the latter case the rebound phenomenon operates, and enstrophy is transferred from the non-axi
components to the mean, as the elliptical distortion of the top-hat vortex decays with time by the mechanism depicted
The evolution of the quasi-modes was explored numerically, and agreement with theory obtained [16,17,19].

We then discussed the role of fine structure within the critical layer by introducing steps, bumps and troughs in t
axisymmetric vorticity profile. These model additional fine structure at the periphery of two-dimensional vortices. Using
inviscid theory, we have considered the effects of this additional structure on the structure and stability of the r
quasi-modes. The results are summarised in Table 1 for the four different profiles and two particular limits. Wheκ (or,
equivalently,w) is small, we obtain a narrow structure in the critical layer, while large values ofκ give rise to a wide structure
In each case we have backed up our numerical studies with asymptotic analysis.

Let us focus first on the up-step and the down-step and, for definiteness and simplicity, take the compact vortex
top-hat type. These steps have the same effect as a uniform gradient in the critical layer in that they respectively desta
stabilise the normal mode, that is the elliptical distortion of the top-hat vortex. However, in the case of a down-step, as thκ

of the step is reduced, we find that exponential decay is replaced by decaying oscillations. In the limit of a very small-sc
the behaviour is primarily oscillatory with rather weak, exponentially small decay. These oscillations correspond to a
conjugate pair of roots in the dispersion relation, and the normal-mode amplitude passes through zero periodically. In
a top-hat vortex, the vortex would oscillate through elliptical and circular states as it evolves, coupled to the critical lay
bump or a trough in the vorticity profile, centred on the critical layer, the effect is always destabilising, with oscillations.

Table 1
Table summarising the effect on quasi-modes of fine structure in the critical layer. A description of the
profile in the critical layer is given, together with the analytical formΩL(Y ). The related parametersκ and
w (with κ =w/L) give the width of the fine structure

Description ΩL (Y ) w andκ Growth or decay rateη

amplitude frequency

Shallow up-step w erf(Y/w) � 1 O(1) growth
Sharp up-step w erf(Y/w) � 1 O(κ1/2) growth
Shallow down-step −w erf(Y/w) � 1 O(1) decay
Sharp down-step −w erf(Y/w) � 1 Exp. weak decay O(κ1/2)

Broad bump w e−Y2/w2 � 1 O(κ−1) growth O(1)

Narrow bump w e−Y2/w2 � 1 O(κ2/3) growth O(κ2/3)

Broad trough −w e−Y2/w2 � 1 O(κ−1) growth O(1)

Narrow trough −w e−Y2/w2 � 1 O(κ2/3) growth O(κ2/3)
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case there is a single complex root, not a conjugate pair, to the dispersion relation. This means a modified rotation rate of the
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normal mode; a top-hat vortex would carry a growing, rotating elliptical distortion, but not go through circular states.
There are several ways in which to extend the present study. One is to understand the results on fine structure in t

layer in terms of Landau poles through analytic continuation of the normal mode equation in the complex plane [18,19].
possibility would be to consider the effects of viscosity. In this case we would introduce a driving force to maintain
axisymmetric profile against viscosity, and then study the evolution of quasi-modes in a system such as (4.1) but with
damping term on the right-hand side of the vorticity equation. This study is currently in progress. Moreover it woul
interest to investigate the effects of nonlinearity in the critical layer, building on the study of BLSY, in order to unde
the dynamics of instabilities in vortices with fine structure at their edges. Simulations using, for example, contour d
techniques could complement predictions arising from nonlinear critical theory theory and thereby settle important iss
as whether the instability saturates. In the absence of the fine vorticity BLSY demonstrated that at sufficiently large am
a cat’s eye pattern forms and the vortex is permanently deformed to a tripolar structure.

Lastly, in practice vortices are often embedded within rotating strain fields. Here we have concentrated on the pr
an impulsive strain, but the study of other types, for example the ramped strain of [6] should be investigated, both in th
developed and in fully nonlinear simulations.
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