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Abstract

This study considers the linear, inviscid response to an external strain field of classes of planar vortices. The case of a Gaussian
vortex has been considered elsewhere, and an enstrophy rebound phenomenon was noted: after the vortex is disturbed enstrophy
feeds from the non-axisymmetric to mean flow. At the same time an irreversible spiral wind-up of vorticity fluctuations takes
place. A top-hat or Rankine vortex, on the other hand, can support a non-decaying normal mode.

In vortex dynamics processes such as stripping and collisions generate vortices with sharp edges and often with bands or rings
of fine scale vorticity at their periphery, rather than smooth profiles. This paper considers the stability and response of a family
of vortices that vary from a broad profile to a top-hat vortex. As the edge of the vortex becomes sharper, a quasi-mode emerges
and vorticity winds up in a critical layer, at the radius where the angular velocity of the fluid matches that of a normal mode on
a top-hat vortex. The decay rate of these quasi-modes is proportional to the vorticity gradient at the critical layer, in agreement
with theory. As the vortex edge becomes sharper it is found that the rebound of enstrophy becomes stronger but slower.

The stability and linear behaviour of coherent vortices is then studied for distributions which exhibit additional fine structure
within the critical layer. In particular we consider vorticity profiles with ‘bumps’, ‘troughs’ or ‘steps’ as this fine structure. The
modified evolution equation that governs the critical layer is studied using numerical simulations and asymptotic analysis. It is
shown that depending on the form of the short-scale vorticity distribution, this can stabilise or destabilise quasi-modes, and it
may also lead to oscillatory behaviour.
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1. Introduction

In two-dimensional turbulence the vorticity distribution is dominated by isolated coherent vortices [1-3]. These move in the
plane, and between collisions behave approximately like a collection of point vortices with the same circulations [4]. In terms
of the internal dynamics of a given vortex, once its motion is factored out, it is subject to a time-dependent straining field from
the other vortices, at a leading approximation. This raises the question of how the vortex responds to an irrotational external
forcing, and the related problem of vortex stability. There have been many studies of the stability and behaviour of smooth
vortices, but less is known when the vorticity has more complex structure, as can occur through collisions and processes of
vortex stripping [5,6]. Vortices which are approximately axisymmetric but have fine structure also occur in other fluid flows, for
example three-dimensional turbulence (e.g., [7]), and atmospheric and oceanographic flows (e.g., [8-11]). Motivated by these
applications, the aim of this paper is to extend results known for smooth vortices to such complex vortices that are more typical
of those seen in many fluid flows.
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In [12] the behaviour of a Gaussian vortex in an external strain field was studied both numerically and asymptotically. The
focus there is on linear evolution and so an impulsive strain field is used, giving a Green’s function for the general response.
It is found that during the process of spiral wind-up of fluctuating vorticity [13] there is a noticeable suppression of non-
axisymmetric vorticity. This was further explored in [14,15] where a ‘rebound phenomenon’ is described: when the vortex is
strained enstrophy is transferred from the mean, axisymmetric component of the vortex, to the non-axisymmetric components
which are subject to spiral wind-up. However during this winding-up process much of the enstrophy is transferred back again;
that is, it rebounds. Subsequent papers [16—18] reveal that this is closely connected with the existence of ‘quasi-modes’ [19]
in the vortex, which we will discuss shortly. These processes of spiral wind-up and axisymmetrisation observed for linear
perturbations to a Gaussian vortex stand in contrast to the inviscid behaviour of a top-hat vortex [20] (also known as a Rankine
or Kida vortex): in a time-dependent strain field this remains elliptical for all times.

The Gaussian (or Lamb) vortex, while it is a solution of the Navier—Stokes equations with smooth vorticity characterised
by a single length-scale, is however not that typical of the vortices seen in practical examples [1-3]. For example, the process
of vortex stripping [5,6,21] can lead to vortices with sharp edges and weak vorticity around the periphery. This occurs when a
vortex is strongly strained (by other vortices in the flow) and vorticity is pulled off from the edge of the vortex in thin sheets;
essentially the vorticity is stripped along separatrices of hyperbolic stagnation points in the flow field. If the vortex now relaxes
to an approximately axisymmetric distribution, what is left is a vorticity profile with a sharp edge and weak vorticity beyond this
edge. This vortex is characterised by two length scales, that of the original vortex, and the width of the edge. If the weak vorticity
is smooth (an assumption we later relax below), such a vortex lies somewhere between a Gaussian and the top-hat vortex.

In this paper we begin by setting up a family of vortices with a parametarheno = 0 the vortex has a broad profile, but
in the limito — 1 the vortex approaches the top-hat vortex. (The stability of a similar family is studied in [17].) We investigate
numerically the evolution of vortices in this family when subjected to impulsive strain, under a linear approximation and in the
absence of viscosity. Our aim in Section 2 is to quantify how the rebound effect changes as the vortex edge becomes sharper.
We will find that the rebound phenomenon is strengthened in this limit: an increasing amount of vorticity is transferred to the
mean from the fluctuating componentscagends to 1. In this limit the time-scale of the transfer process also grows. Note that
we consider impulsive strain, which is idealised; for example in two-dimensional turbulence a vortex is inevitably immersed in
a weak strain field generated by the other vortices (varying on a time-scale of the order of the inverse strain), although obviously
this becomes stronger when another vortex comes close. Although a paradigm, this is the simplest excitation to use to consider
the stability of vortices and the transfers of enstrophy when azimuthal structure is generated. Other strain fields could be used,
though our experience is that the rebound of vorticity becomes enhanced in the (adiabatic) limit of slowly varying strain [14,15].

In fact the time-scale of the enstrophy rebound is governed by a ‘quasi-mode’: this is best understood using the model of
Balmforth et al. [16] (hereafter referred to as BLSY) who consider a vortex consisting of a compact core with a weak skirt
of vorticity superposed. The core, which could be a top-hat vortex for instance, has vorticity that is strictly zero beyond some
radiusr = rg and it can support a normal mode of the fogr) €"9—1"@! The frequencyw determines a critical radius
rn, where this frequency matches the angular frequency of the fluid motiep.liés outside the compact vortex the mode is
undamped; however, if a weak skirt of vorticity is superposed then the mode is damped, or can be destabilised, depending on
the vorticity gradienty’ (r,) at the critical radius [16—19,22]. In Section 3 we set out relevant theory, based on [16], and confirm
that the rebound phenomenon corresponds to the damping of such quasi-modes by measuring the damping rates and comparing
with theoretical predictions.

The above theory of quasi-modes relates the damping of a normal mode to the gradient of weak vorticity in a thin critical
layer, whose width is asymptotically of the ordersf o' (). It is based on the assumption that the vorticity distribution
is smooth in the critical layer; however owing to vortex interactions a typical structure can have a quite complex vorticity
distribution at its periphery. Not only is the stripping mechanism mentioned above important, but two other processes are also
of significance. The first is axisymmetrisation: if a strongly perturbed vortex relaxes to axisymmetry (though it daesapst
do this) the final state is often characterised by a coherent vortex, surrounded by a ring of vorticity [23,24]. This effect may
also be seen in weakly nonlinear theory: spiral wind-up of vorticity fluctuations is accompanied by a feedback on the mean
that can leave behind kinks in the axisymmetric vorticity distribution [14—16]. The second process is that of vortex collision.
When two or more vortices interact, a variety of strongly nonlinear processes can take place, one of which is the destruction
of a weak vortex and the wrapping of weaker vorticity (of either sign) about a strong vortex [25-28]. This again can lead to a
vortex possessing fine scale structure at its periphery including rings of weak vorticity of either sign, with implications for the
robustness of the vortex to external disturbances [26].

These various processes lead to vortices with finer scale vorticity, varying within the critical layer, and in this case there will
not be a single well-defined value for the vorticity gradient there. (Note that this idea of a critical layer with fine scale vorticity
structure within it, has elements in common with studies of ‘vorticity defects’ [29,30] in which a region of localised vorticity is
embedded within a shear flow.) We consider the effect of different types of structure in the critical layer on the stability and be-
haviour of quasi-modes, within the linear, inviscid approximation. In Section 4 we extend the theory of BLSY to this case, which
gives rise to a coupled system of an integral equation and a differential equation; these are studied numerically and asymptot-
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ically. We consider a number of possible profiles for the vorticity distribution in the critical layer including localised ‘steps’,
‘bumps’ and ‘troughs’, which we will define below. Depending on the form of the fine-scale vorticity, the quasi-mode can be sta-
bilised or destabilised, and it may also demonstrate oscillatory behaviour. Finally Section 6 offers some concluding discussion.

2. Rebound of enstrophy in a family of vortices

We begin by summarising the governing equations for linear and weakly nonlinear disturbances to a planar vortex; for
further background see [12] or [14]. The vorticity equation may be written in the dimensionless form

3 2total + J (Protal + Wext 2rota) = R~V 2ot (2.1)
V2Wiotal = Ltotal V2Wext =0, (2.2)

whereR is the Reynolds numbef;ig iS the total vorticity,Wiotg) the associated stream function abgkt the stream function
of the externally imposed irrotational flow. The Jacobikf, b) = r~16,a d9b — dga 9,Db) in polar coordinatesr, 6). The
split into the two stream function®;qig and Wext is fixed by their far field behavioursiqig) is generated by the localised
vorticity distribution 2;ot5 and grows at most logarithmically as— oco. The external stream functiofext can be thought
of as generated by distant vortices or moving boundaries, and grows algebraically; Vittan be specified as a harmonic
function with arbitrary time-dependence. _

Near the vortexPext can be expanded as the sum of terms of the fotetY | for n > 0. If Weyt is generated at some
distance from the vortex, the dominant effect on the internal dynamics of a vortex comes frorathéerm and so we shall
henceforth restrict ourselves to the case

Wext=8q(1)r" " +cc. (n=2), (2.3)

where ‘c.c.’” denotes the complex conjugate of the preceding expression. (Although we havefigdve leaven in below
to indicate the general structure of the problem.) The constamthe following analysis is considered to be a small parameter,
0 < 3§ « 1, since we are considering weak external flow; for an extension of our weakly nonlinear analysis for the Gaussian
vortex see [15]. Within (2.3) the functian(z) is complex-valued and determines the time dependence, amplitude and orientation
of the external straining flow.

We now expand vorticity in powers éf« 1 as

Qiotal = 20(r, 1) + 8[w(r, 1) explind) + c.c] + 82[wp(r, 1) €XP2in6) + c.C.+ 2a(r, )] + O(83), (2.4)

with a similar form for@ig. Note that2; and¥; denote mean, axisymmetric components, while the tesms); give the
fluctuating, non-axisymmetric components. To keep later notation simple we have omitted a subscript ‘1’ from thdieldier-
w andyr.

When this expansion is substituted into (2.1), (2.2) we obtain equations for the meatfjelds and the azimuthal fiela:

3 Q20= R 1A0R0, Q0= Ao¥%p, (2.5)

dow+inaw —inB(y +qr") =R 1A 0, o= A1y, (2.6)

922 —inr 18, [(¥ + gr")o* ] +ce=R 1022, 22=Ao¥2, (2.7)
where

Am = 8,2 +r Y8, —n?m% 2, a=r1o ¥y and B= r_lar.Qo. (2.8)

The full governing equations (2.1), (2.2) have a number of inviscid integral invariants: in particular we consider the enstrophy
E=[ %der, which is conserved for any external forcing of the form (2.3). As discussed more fully in [14], in terms of the

weakly nonlinear expansion we can define two contributions to enstrophy atdrdieom the mean and azimuthal components,

o0 o0
EMean;) — / Q02227rdr, E3(1) = / lw|227r dr. (2.9)
0 0

The sum of these two quantities is inviscidly conserved in the weakly nonlinear system and, with suitable initial conditions, for
example

Liotal(r, 0) = £20(r), Yiotal(r, 0) = Yo(r), w=1%=802y=Wy=0, (2.10)
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the sumg™Meany gazijs zero for all time. Thus one can study transfers of enstrophy between mean and azimuthal components,
as we do below. We shall follow [14] and consider an impulsive external strain field. Imposing a unit impgu$isesequivalent
to using the initial condition

o, 0t =inr" B =inr" 19,020 (2.11)

for the leading order azimuthal vorticity (from (2.6)) and theref@® = — EMe@js increased to some positive vallig at
t=0T.Fora Gaussian vortex, aincreases enstrophy is transferred, i.e., rebounds, from the azimuthal to the mean component
[12,14]. EventuallyE3%?' and— EM®@Npoth decrease to asymptotic values of about 25%@f
We now extend these results to vortices with sharper edges and introduce the one-parameter family of vortex profiles
200 1 1—tanH (2 — 02)/4(1—0)]
r)y=-—

O = 4 T 1+tanfo2/4(1—o0)]
obtained foro with 0 < 0 < 1 and normalised s®q(0) = 1/4n. If o = 0 then the vortex has a smooth, broad profile and
behaves in a similar manner to the Gaussian vortex while in thedimit 1 the vortex acquires a top-hat profile with

(2.12)

Q=14r, a=1/87r (<1, £20=0, a=r2/87r (>1). (2.13)

A code was written (based on NAG routines) to solve the governing system of Egs. (2.5)—(2.7). With initial conditions given
by (2.10), (2.12) the equations can be marched in time for any particular fag¢ingWe have in mind inviscid evolution
with R=1 =0 in this system, and then the basic vort@y remains time-independent in the absence of viscous spreading.
However we have to include some viscosity to stabilise the code and the results below were obtained wRh thgvigally
between 10 and 18. Various values in this range were used in order to confirm the robustness of the results. This, together
with the conservation oEM®3N4. £3Z and the good agreement with inviscid theory given below, indicates that diffusive effects
are negligible in the results obtained. Although the aim is to ascertain the evolution of the vortex under an impulsive input,
for numerical reasons we sgftr) = 2T,ﬁ§xsin2(m/Tmax) for 0 <t < Tmaxandg(t) = 0 otherwise. We toolmax = 1 which
is substantially shorter than other time scales in the problem, with the result is that the forcing is effectively equivalent to an
impulsive strain at = 0. The corrections resulting from the finite valueTfax are small, of order at most(0) Tmax =~ 4%,
and we make no further mention Bfax.

With the initial conditions (2.10) an impulsive strain fieldrat 0 generates the non-axisymmetric compongiccording
to (2.11), and so transfers enstrophy fré&f®2"to £32, with

E%(0) = —EMeAN0) = Eg(0), (2.14)

where Eg(o) can be found for the family of profiles by substituting (2.11), (2.12)9??‘?i (2.9) and computing the integral
numerically. The integral is of ordgl — o)1 aso — 1, due to the sharpening of the profile.

The question then is: how d&™€21) and E3%/(¢) evolve at later times for a given vortex profile? To answer this we defined
a normalised suppression factor

_ pazi
S(t,a)ziEO(GI)EO(UE) )

for a given vortex profile parameterised &y S(01, o) = 0 andS(¢, o) increases as enstrophy is transferred from azimuthal to
mean by the rebound phenomenon. It proved useful to look at an asymptotic suppression factor for the given vortex defined as

(2.15)

Soo(o) = lim_$(t,0). (2.16)

Fig. 1 shows the evolutions of the normalised mean and azimuthal enstrophies as functions of time for different wallies of
solid line corresponds te = 0, the broadest vortex profile, and this shows the most rapid suppression of azimuthal enstrophy
at moderate times< 400. For large times we obtaifi, ~ 0.8 so that about 80% of the enstrophy is transferred back from
the fluctuating to the mean component. This is a greater suppression than was observed for the Gaussian vortex [14] when
Seo 2 0.75. In Fig. 1 the dotted and dashed lines correspond to increased vakies @75 and 09 and here we see a slower
initial suppression of azimuthal vorticity; however for large times the asymptotic suppression of vorticity becomes greater, with
Soo > 0.82 and 093 respectively. In the figure = 0.92 (dash-triple-dot) is also illustrateB2?' is still decreasing at= 2000
and does not saturate unti= 4000 (not shown) wittf~, ~ 0.95. Finally the case = 0.95 has yet slower evolution, but larger
values ofo are not accessible by our numerical scheme.

In short, the sharper the vortex profile, the greater the suppression of fluctuating vorticity and so the greater the rebound,
but this occurs on a slower and slower time scale. Note that for a top-hat vortex, an impulsive weak strain would render the
vortex slightly elliptical and it would then rotate with no transfer of enstrophy back to the mean. (This applies once the vortex
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0.0

_10_| -,',

Fig. 1. Evolution of normalised enstrophigZi()/Eq(a) (top curves) andE™eaNr)/Eq(a) (lower curves) for different values ef. The
horizontal axis shows time linearly from= 0 to 2000. The curves correspondao= 0 (solid), Q75 (dot), 09 (dash), ®2 (dash-triple-dot)
and 095 (dash—dot).
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Fig. 2. Suppression of fluctuating enstrop$iy, o) plotted against for r = 100, 200, 400, 1000, 2000 and 4000.

is subject to zero background strain: if the straining field were to be maintained the aspect ratio of the vortex would oscillate in
time e.g., [20] or [31].) For anfinite value of timer our results ag — 1 approach this limit in which there is no rebound.

However theasymptotiarebound as — oo, measured by (o), appears to increase to unity as the vortex edge is made
sharperc — 1, corresponding to a complete rebound of azimuthal enstrophy. In this sense a sharp-edged yet smooth vortex
appears to be more robust than a distributed vortex, as it can axisymmetrise with relatively low loss of enstrophy to azimuthal
components; however the process takes longer and longer so, on moderate time-scales, the vortex behaves largely as a top-hat
vortex exhibiting a normal mode.

For another view of these results, Fig. 2 sha¥¥s, o) plotted against for given timest. Theo scale thus corresponds
to broad vortices on the left which become increasingly shamp as 1. Foro < 0.75 the suppression of vorticity is about
Seo(0) ~ 0.8 and has largely occurred by= 400. Asc — 1, the suppression becomes progressively slower as the individual
curvest = const. head downward; however the asymptotie co suppression (see the= 4000 curve) increases and it appears
that Seo (6) — 1 ase — 1. Note that the above runs were performed whtk: 108 and E821 + E™MeaN— 0 to within graphical
accuracy in Fig. 1. The effects of viscosity are felt first in the azimuthal enstrophy, which is destroyed on a shear—diffuse
time-scale of order1/3 [13,32-35]. This is evident in similar runs with = 108 but will not be described further here.
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3. Compact vorticeswith skirtsand fine-scale structure

In this section we develop the theory of a compact vortex with weak vorticity at its periphery. Our aims are to understand the
vorticity suppression and rebound seen for the family of vortices (2.12) studied numerically above, and to extend our study to
discuss the effects of fine-scale vorticity. The analysis is closely modelled on BLSY, but includes additional terms to incorporate
the effects of fine-scale vorticity.

3.1. Framework

The general configuration we study is shown schematically in Fig. 3. The vorticity is supposed to consist of three
components. First there is the vort&, illustrated here as a top-hat vortex but which can be made more general as long
as it has the key property that it is compact and vanishes entirely=for. It is convenient to take the vortex to have positive
vorticity, so that the angular velocity is positive and decreases outside the vortex, whereupon

2¢(r) =20 (r<rg), aé(r) <0 (r>rg). 3.1)

Superimposed on the compact vortex is a ‘skit®s; this is weak vorticity which varies on the same- O(1) length scale as
the main vortex itself. The third componesﬁ.QL is weaker still and varies on a short length-scale localised in a critical layer,
as explained below.

First consider disturbances to the compact vortex al@ge= £2c. Normal mode solutions (if they exist) take the form
w=g(r)e "M@ y = f(rye "@! where from (2.6), witlR~1 = 0 andg(r) = 0, we have

() —@)g =B f=rt2Unf,  g=241f; (3.2)

hereac(r) is the angular velocity corresponding to the compact vaR2et ). Weassumehat the compact vortex possesses such
a normal mode for some given The structure of (3.2) demonstrates that there is a critical ragiudefined bywc(r,) = @,
corresponding to where the normal mode frequency is equal to the angular frequency of the flow. Let us assyntieghat
outside the compact vortex,(> rg) for otherwise Eq. (3.2) generally develop a singularity atr,, [36]. Lastly, in anticipation
of the later development, it is convenient to normalise this mode sofifrgs = 1.

If now additional vorticity is introduced, whether it be the weak skigtor fine structure?| , what is crucial is its distribution
within the critical layer of widthe surrounding the radius = r,,. This will generally lead to damping, destabilisation or
oscillations of the normal mode thus generating a ‘quasi-mode’. To examine this, it is convenient to take our basic axisymmetric
vortex as

Q0= 2c(r) +e02s(r) +22LY), Y=¢ 10 —r); (3.3)

here O< ¢ « 1 andY is an inner variable within the critical layer. It is helpful to suppose that the corresponding vorticity
gradienLQl’_(Y) falls off rapidly asy — +oo.
The normal mode is coupled to vorticity gradients in the critical layer rather than vorticity itself and the above scaling gives
similar gradients for th&2s and 2. components. However the corresponding angular velocity contributions are diffefznt:
gives rise to an angular velocitys, whereas that for2$2( is at most of ordee? and is negligible in the development below.
We note that the tanh profiles (2.12) studied above can be fitted into this framework: we tak®, $2¢ a top-hat vortex, and
25 the exponential tail of the profile, withscaled as its magnitude at=r;, .
We seek a solution which at leading order is simply the rotating normal mode, but which evolves on a long time=seale
and setw = ¢(r, 1) e """ andy = x (r, T) €@, We see that Egs. (2.6), (2.8) now become

€0 ¢ +in(ac +eas+ 0(82))§ - inr_l(.Qé +eR2s+eR])x =0 (3.4)

RS

0 ro ry

Fig. 3. Schematic diagram of the axisymmetric vorticity profig(r). The compact vorteX2¢ is shown here as a top-hat vortex but may in
fact be more general. The skirt vorticity2s varies on scales of order unity, while the fine-scale vortie?(yzL varies on a short length-scale
of ordere.
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whereac(r) = ac(r) — w = ac(r) — ac(rn), ¢ = A1x and the dashes denote differentiation with respect to variabter as
appropriate (see (3.3)).

We expand; (r, ) and x (r, t) in powers ofe, with ¢ = ¢ + €41 + 0(e?) andy = xo+ex1+ O(£2). The leading order
system forcg and xq is simply (3.2) with solution

xo= f(ra(v), fo=g(r)a(r), (3.5)
where we recall thaf, g define the normal mode of the compact vortex ang) is an unknown complex amplitude.

3.2. Outer solution

The normal mode amplitude(z) will be determined from (3.4) at order(see BLSY). We first consider this equation for
values ofr outside the critical layer, that is for — r,,| > ¢; here the fine-scale vorticity gradieﬂrl’_(Y) is negligible, and this
leaves

d: 80 +in(@cty +asto) — inr H(2ex1+ 24x0) =0, &1=A1x1 (3:6)
These are equations for and x1, and (using (3.5)) may be combined as
in(Al — &C_lr_l.Qé)Xl = &gl(—ga,a —inasga + inr_l.Qéfa). 3.7)

As the critical layer ~ r,, is approached s@. tends to zero; however bofac andg (from (3.2)) are identically zero outside
the compact vortex, and so the only singular term preseirgi‘s'snr—l.(zgfa on the right-hand side, which gives a simple pole
singularity. The equation may be written in the form [16],

(A1 —ag i) = na(@) f () —r) L+ R(), = Q240m)/raak(ra), (3.8)

where the remaining terms are bundled i¢-), which is non-singular as the critical radius is approached. (Note that
&é(r) Edé(}’).)
There is a corresponding singularity in the stream funcgiprwhich takes the form

c(r) (r<rp),
ct@) r>rm) (3.9)

(using the normalisation conditiofi(r,) = 1). The jump in derivative is related to the behaviour inside the critical layer which
we will analyse shortly. Integrating Eq. (3.8) for< r, andr > ry, yields an equation foe (7). This procedure is explained in
BLSY and we give only the result,

Xl(”,f):)(l(”n,f)"‘ﬂa(f)(r_rn)|09|r_rn|+(r_rn){

¢t —c¢™ =ilidra+ (Ip + I3+ Ig)a. (3.10)
Herely (>0), I», I3 and I, are constants which are defined in terms of integrals involyirend ¢ that depend only on the
structure of the original compact vortex.

3.3. Inner solution and coupled system

The solution for the stream functiop in the critical layer, defined by = e~ 1(r — r,) = O(1), must match onto the
singularity identified above in (3.9). It may be written as a Taylor expansion of the outer compggegisdiscussed above,
plus an additional ternp (Y, t) so that

X(r. ) = [x0(n, T) + €Yy x0(rn. ) + 362Y202x0(rn. 7)]
+ [ex1(rn. 1) + e2apYloge + 2@ (Y, D]+ e2x2(rn, ) + 0(82) (3.11)
which acquires the singular behaviour in (3.9),
@ ~paYlog|Y|+YcE, @y ~palog|Y|+pua+ct (¥ — £00). (3.12)

From this we obtain the jump in gradient across the critical layer as the principal value integral
Y
o —c (@= lim [y, D] , = Iim / ®yy (Y, 7)dY; (3.13)
Y—o0 Y—o0
-y
this quantity may be identified with the ‘phase shift’ which plays a key role in critical layer theory (e.qg., [37]).
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In the critical layer, the vorticity equation (3.4) becomes at leading order (ithf (rp)a(t) = a(t))
3¢ +in(as(rm) + YaL(m)¢ — inry H[240m) + 2 () ]a=0. (3.14)

Note that the fine-scale vorticity gradim{_ makes an appearance here &dependent term in the equation.
From ¢ = Aqx applied to the expansion (3.11) we also deduce that®@yy at leading order gives the vorticity in the
critical layer. Combining this, (3.10) and (3.13) yield

Y
il10ra + (Ip+ I3+ Ig)a = lim /;(Y,‘L')dY (3.15)
Y—o0
-Y

and the two equations (3.14), (3.15) constitute a partial differential equation for the critical layer vartiGity), coupled to
an ordinary differential equation for the quasi-mode amplitu@®. All other quantities are given in terms of the structure of
the basic axisymmetric vortex.

3.4. Numerical results fof2. =0

We will consider two situations?_ (Y) = 0 in this section, an®@s(r) = 0 in the next. If2| (Y) = 0 there is no fine structure
and simply a smooth skirt around the vortex; it then makes sense to non-dimensionalise irs{i3g8), that is to base scales
on the key quantity of the vorticity gradient in the skirt at the critical layef(r,) [16]. We setL = —|u|/I1a(ry) > 0,

T =11/|nl > 0 andg = —7 (I2 + I3 + I4)/11. Recycling earlier notation, we then define a time coordinasged a space
coordinatey, given by 7t = t, L(y — ¢/n)ai(rn) = (as(rn) + Yag(ry)), together with rescaled quasi-mode amplitude
n(t) = (T /rnL)a(r) &s? and vorticity;: =T /ralul)¢ g7, Note that our choice of has the opposite sign to that in BLSY as
we wish to retairy as a surrogate radial coordinate, wjtincreasing radially outwards.

With these rescalings (and dropping the hat fromve obtain

o
0:¢ —inyt —inin =0, ion = / cdy, (3.16)
—00
wherei = £1 gives the sign of the vorticity gradiefi(r,,) in the critical layer, defined by
A= —|—M| = —signu = sign$24(rn) (3.17)
"

(bearing in mind (3.1) and (3.8b)). A principal value integral is assumed in (3.16b) (cf. (3.15)) and in similar contexts below.
For the system (3.16) we use the initial conditions

¢(y,0=0, n(0) =1, (3.18)

corresponding to excitation of the normal mode only at0. In Section 5 below we use these initial conditions to solve for
the case where there is fine structure in the vortex. Here though the system (3.16) reduces to the ordinary differential problem
d;n = m An with solution [16]

n=e", y=mi (3.19)

If » =1 then the vorticity gradient in the skirt is positive and the normal mode is destabilised \but-#1 then the mode is
stable. As discussed in BLSY the combination of the normal mode, amplitttdeand the winding-up of vorticity (y, 7) in
the critical layer constitutes the quasi-mode.

For our purposes we wish to compare the growth yateith our numerical results for enstrophy rebound. Returning to our
original units,y becomes

Ve =7Ae/T = —ew Q4(rn) /rnat(rn) 1 (3.20)
and so for a top-hat vortex with= 2, r» = /2, we havex,(rp) = —(87+/2) 1 and I, = 647 /2 whence
Te2{(v/2)
=—" 3.21
)£ 8\/5 ( )

We now apply this growth rate (3.21) to the family of vortices introduced in (2.12), in the dimit 1, when the vortex
has a sharp edge at= 1, of width order(1 — o)1, and an exponentially decaying tail of vorticity for- 1. We take the
compact vortex2c(r) to be simply the top-hat vortex, with the skirt consisting of the exponential tail of the tanh function. The
key quantity in the above analysisé2{(~/2) which we equate t62(v/2) (from (2.12)) to giveys = 72{(v/2)/8v/2.
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Fig. 4. Exponential growth rateg, plotted agains@é(rz), ro = +/2. The asterisks show numerically measured growth rates for values of
0.87 < o < 0.93 obtained by solving (2.6) with profiles (2.12), whilst the solid line represents the asymptotic solution (3.21).

This approximate negative growth rate is plotted as a solid straight line in Figy,glax;;ainst.Qé(ﬁ). Data points show
the decay rate of azimuthal enstrophy for different values éfom 0.87 to 0.93. These points were obtained by solving the
partial differential equation (2.6) numerically for the profile (2.12) and initial conditions (2.10). The decay rates were measured
from the formula ford; E3%,

o0
8,Ea2i(t)=in/ﬁ(r)(a)*1/f — wy*)2rrdr, (3.22)
0

obtained from (2.6), (2.9) with =0 andR~1 = 0. The right-hand side was computed numerically and fitted to the decay law
3 E3% €27 to obtainy (o) from each numerical run.

There is a reasonable numerical agreement between data points (asterisks) and the approximate theory in Fig. 4, suggesting
that the rebound phenomenon is indeed linked to the decay of a quasi-mode in the sharp-edged vortex. The agreement begins to
break down folo < 0.87, when the vortex edge is too broad for the asymptotic theory to be valid: E®.93, the timescale
required to derive the numerical decay rate is so long that viscosity is influencing the results.

The quasi-mode and critical layer vorticity may be observed in our numerical simulations«Hromwe may reconstruct
the evolution of linear perturbations to the vortex from Eq. (2.4) and in Fig. 5 we shew) €"? + c.c. as a grey-scale plot
for various times witho = 0.75 (left panels) and = 0.9 (right panels). In both cases the initial impulsive kick excites a
four-lobed vorticity distribution withh = 2 (top left and right). In the evolution with = 0.75 this leads to spiral wind-up of
vorticity fluctuations. By = 2001 we see faint evidence of a quasi-mode, and we also see the diffusive decay examined in [32].
Wheno = 0.9 note that initially the four-lobed structure is more tightly localised around the sharp vortex edgelatAs
the vorticity evolves this four-lobed structure maintains its integrity: it is essentially the normal mode of the top hat vortex.
However spiral wind-up of fluctuations is occurring further out and this leads to the damping of the normal mode. The coupled
system of damped normal mode and spiral wind-up in the critical layer constitutes the quasi-mode discussed above.

Fig. 6 shows the physical mechanism by which the normal mode component of the quasi-mode is damped in the case when
the vorticity gradient is negative in the critical layer. In (a) the thicker, inner circle shows the compact vortex (of positive
vorticity), say a top-hat vortex, while the thinner, outer circle denotes the critical layer containing weak, smooth vorticity. An
n = 2 normal mode is generated by a straining distortion. This leads to a distorted compact vortex shown in (b), and so enhanced
and decreased vorticity shown Byand—. This generates a secondary flow, shown by arrows. This secondary flow affects the
vorticity in the critical layer, and with a negative vorticity gradient generates enhanced and decreased vorticity as shown in (c).
The flow resulting from the vorticity in the critical layer depicted in (c) acts to counteract the original distortion in (a). The
net effect is to stabilise the normal mode; in the case of positive vorticity gradient in the critical layer the effect would be
destabilising. Note that this explanation is somewhat simplified as it neglects the spiral wind-up that is occurring in the critical
layer, leading to the integro-differential system (3.16).
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Fig. 5. Contour plot of linear vorticity evolution subject to weak viscosRys= 108, for n = 2 with o = 0.75 (left panels) and = 0.9 (right
panels). Ther andy axes range from-r to 7. Reading downwards on each side we have plots at tirae$, r = 201, = 1001 and = 2001.
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Fig. 6. Physical mechanism for quasi-mode damping. See discussion in the text.
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4. Effect of fine-scale vorticity in thecritical layer

We have studied the case above of a compact vortex surrounded by a skirt of weak vorticity; in the skirt, the vorticity
has gradients of magnitude We now allow the vorticity to vary on a finer scale, and to isolate its effects weget = 0
but allow 2| (Y) to be non-zero. Recalling Eq. (3.3), the full vorticity distribution is nf®g = 2¢(r) + sZQL(Y) where
Y =&~ — rp). The vorticity gradients in the critical layer are again of ordeand couple to the evolution of the normal
mode amplitude to give a system possessing a quasi-mode, as we shall see below. In this case the gradient of vorticity in the
critical layer is not constant and so formula (3.21) for the quasi-mode decay rate requires modification.

We therefore return to the coupled system of the PDE (3.14) for critical layer vorti¢ityY), and the ODE (3.15)
for the quasi-mode amplitude(z). We delete the skirt vorticity$2s(r) = 0 andas(r) = 0, and note that consequently
u=1I,=1I3=14=0 (see [16]). This leaves

o0
3¢ +inYal(ry)t —inry 12[ (Y)a =0, iI10;a = / oy, 7)dy. (4.1)
—00

Now that we have suppressed the skirt we need to adapt the details of the non-dimensionalisation to be applied to the
system (4.1). This is based on the maximum gradien?ofY) in the critical layer and we set

ML= Qlimax/rnaé(rn) <0, 'QI/_maxz m;;lxj.Q{_(Y)| >0, (4.2)

L=—|uLl/lag(rn) >0, T=1I1/|uL|>0 (4.3)
(bear in mind thate;(r,) < 0 from (3.1) and/y is positive [16]). Replacing

Tt=t, Ly=Y, n0)=(T/mLa(r), ¢=(T/mluLl), (4.4)

in (4.1) and dropping the hat dngives a coupled system
o0
8¢ —iny¢ —inA(y)n =0, ign() = / s(y, t)dy. (4.5)
—0o0

Now A is a function ofy given by
Ay) = 2[ (Y)/2] max (Ly=Y) (4.6)

and is the vorticity gradient of the critical layer vorticity, normalised to have maximum modulus unity. In the case where the
vorticity gradient is a constant we recover the previous definition (3.17). We remark that in developing the above theory we have
assumed that the vorticity gradieﬂq’_(Y) is localised in the skirt, falling off rapidly a8 — +oo which allows the vorticity
itself to tend to (possibly different) constantsias> +oo.

In view of the various changes of variables it is worth recording that a growthratel the spatial variablgin the present
rescaled system are related to a growth gatand the variable in the original system by

ve=ey/T = (—s.Q(_maX/rnllaé)y, r—rp=¢eLly= (s.Q(_maX/rnllaéz)y. 4.7)

We will shortly consider a number of illustrative profiles @ (Y) and soi(y), and these are shown schematically in Fig. 7.
We recall from the introduction that vortex stripping, collisions and axisymmetrization processes often lead to a vortex with a
ring of vorticity at its periphery [26]. We first of all idealise such a vortex as axisymmetric (although, in practice, superposed
will be non-axisymmetric fluctuations undergoing spiral wind-up). Crucial then is the distribution of vorticity in the critical
layerr >~ r,. Representative cases to consider are when the vorticity distribution has a step-change in the critical layer, which
we refer to as an ‘up-step’ or ‘down-step’, this could correspond to the edge of a ring of vorticity at the critical layer. A second
pair of cases could occur when there is a ring of vorticity of either sign contained within the critical layer leading to a ‘bump’
or ‘trough’ in the vorticity distribution. These profiles are illustrated schematically in Fig. 7: along the top row (a), (c), (e), (9)
we haves?| (Y) representing an up-step, down-step, bump and trough respectively, and underneath in (b), (d), (f), (h) are the
corresponding scaled vorticity derivativeéy), defined in (4.14) below.

To fix ideas let us return to (3.3) and consider profiles of the specific forms

20(r) = 2c(r) £ 2werf((r — ra) /ew)  (up/down) (4.8)

The upper sign represents an up-step in the vorticity profile at the critical layer, and the lower sign a down-stepsAs ever
small, and noww = O(1) is a parameter that tunes the width and height of the step. Plainly then

QL) =+werl(Yjw), @ (¥)=+2r Y2e VW o —ox1/2 (4.9)
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Yy
Fig. 7. Schematic picture of the relationship betweeand the shape of vorticity in the critical layer. Top row (a), (c), (e), (g) shows the

structure ofe2| (Y) whilst the bottom row (b), (d), (f), (h) shows the correspondiiig). The first column shows the up-step, the second shows
the down-step, the third shows a bump and finally the fourth shows a trough.

This now fixesu from (4.2) and saC and7 from (4.3). Finally we may defing(y) from (4.6)

M) =46 VI = eI (e — /) (4.10)

with « a parameter, proportional 0. (Note that an arbitrary constant can be added of2jtgY) without affectingi(y) or
subsequent results.)
The other profiles we will consider are

Q0(r) = 2c(r) £ 2w e~ r—rw)?/e?w? (bump/trough) (4.11)

where the upper sign represents a bump in the vorticity profile at the critical layer and the lower sign a trough. This gives as
above

QW =twe Vol (ry=F20r/wye VI o =2/ (4.12)
which determineg._, £ and7, and then

1) =F2Y2vw) e VI = 3202y e (e =w/L). (4.13)
To summarise and label these different cases, we then have the funatiorgiven by

M) = +e*/*  (up/down) A =F2eY2(y/i) e?/*  (bumpltrough) (4.14)

We will also examine the effect of shifting the st@p‘lE within the critical layer, in whichy/« above is replaced by/x — B.

5. Numerical methods and results

For a given vorticity profile there are a number of ways to pursue solutions of the coupled system (4.5) subject to the
initial condition (3.18). One possibility is to solve the coupled system numerically using a NAG library routine (for example,
DO3PKEF). The disadvantage of this is that weak viscosity must be introduced to avoid the code attempting to trace finer and
finer structure in the vorticity field. Alternatively one may solve far in (4.5a) in the form

t
C(y, t) =ini(y) / einy(t*s)r](s) ds, (5.1)
0
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using the initial conditions (3.18), and then substitute into (4.5b) to obtain

t (e¢]
n(t) = / K@ —s)n(s)ds, K@) = / ni(y) €M dy. (5.2)
0 —00
If this equation is integrated from O towe obtain
I3 1
nt)=1+ / Lt —s)n(s)ds, L@r)= / K(s)ds. (5.3)
0 0

The kernelL (+) may be found analytically or numerically and the integral equation (5.3) then passed to a numerical package.

A third approach yields a dispersion relation directly. In simulating the above systems, after a transient we observe
exponential behaviour fo(t) ast — oo, and so we may make transatzn(z) oc €/’ wherey is the complex growth rate.
Provided the kerneK (¢ — s) falls off rapidly (faster than exponentially) with increasing- s, which is the case for the
examples given, we may replace the limit 0 in (5.2)-byo (valid after any transient) to obtain

o
y =/e‘V’K(t) dr. (5.4)
0

These three methods, based on (4.5), (5.3), (5.4) were all coded and run. All gave consistent results, as a useful check, and also
confirmed that the results shown below are effectively inviscid, even when weak viscosity is used to stabilise the code in the
case of (4.5). Note that in terms of the original formulation of the problem the growthrraserelated to our non-dimensional

growth ratey by

_ ey
 rlac(m)| I
(cf. (3.20)) and so is proportional to the maximum vorticity gradient in the critical layer (see (3.3)).

12 m;1x| 2 ()| (5.5)

5.1. Steps: up and down

We now consider a number of profiles ofy), beginning withkir(y) andAj (y) from (4.14), corresponding to an up-step
or down-step respectively in the critical layer (see Fig. 7(a)—(d)). Recall that the paransetisrthe scale of the step and also
notice thaty(¢) remains real for all time: this follows from (5.2), sinzéy) is an even function and sk (¢) is real.

Numerical results for the down-step profilg are shown in Fig. 8. The dotted curve show(s) for « = 100, which is the

situation in which the vorticity gradient is; is of large scale and essentially unity across the critical layer. In this case we

0.0 0.5 1.0 1.5
t

Fig. 8. Numerical behaviour of plotted against time for a down-step profilg (y) with « = 1 (solid),x = 5 (dashed) an& = 100 (dotted).
The larger decay (3.19) is shown with asterisks.
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Fig. 9. Plot of Re/ (solid) and Imy (dashed) as functions effor the down-step profile (4.14a). Dotted lines show the asymptotic results (5.8),
(5.10), (5.11) for larger and smallc. Note that forx < xc >~ 6.018 there is a complex conjugate pair of modes: only the negative frequencies
Imy are shown (i.e., Iny < 0).

expect to recover the the decay rate (3.19) derived for a constant gradient, and shown by asterisks — the agreement is excellent.
As k is reduced, the decay at early times becomes weaker, but the final decay becomes stronger as is avidéntAsrthe
scale of the down-step s further reduced (r) overshoots, and the exponential decay turns into decay with oscillations, as can
be seen beginning to happen foe= 1 in the figure.
Using the dispersion relation (5.4) the growth ratmay be found more directly as a functionaf The kernelk (¢) is easily
computed from (5.2) and is

K (1) = tnic/m e /4 (up/down) (5.6)
for the up-step-€ sign) or down-step-{ sign). Substituting into (5.4) gives

y =7 erfc(y /ni) €2/ (up/down) (5.7)

which may be solved numerically to findas a function of the step widih
Fig. 9 shows the real and imaginary parts of the growth yater a down-step determined by solving (5.7) witk= 2. For
k > kc >~ 6.018 the growth rate is purely real which corresponds to exponential decay.t¢ root collides with another real
root (corresponding to even stronger decay) and we gain complex conjugate roots fgr As « is further reduced, the decay
rate and frequency decrease. For smathe decay is very weak, and the behaviour of the quasi-mode almost purely oscillatory.
Note thaty(¢) is purely real in this example, so oscillations do not simply correspond to a changed frequency of rotation of the
guasi-mode, but to its amplitude decreasing and increasing, being zero at certain times (as for exampléforx =1 in
Fig. 8). Fig. 10 shows results for the up-step profile — now the quasi-mode is always unstable with a groytthaate real
and increasing with .
The dispersion relation (5.7) may be used to glean results valid for large andksMéth n = 2 andx > 1 then

y =41 — 71y (712 + 7'[3/4)/<_2 + O(K_s) (up/down) (5.8)

and asc — oo the vorticity gradient becomes constant in the critical layer thereby recovering result (3.19). Figs. 9 and 10 show
good agreement between (5.8) and the numerical results.
In the opposite limit withc « 1 we may use standard formulae (see Chapter 7 of [38]) to give, for an up-step,

y =CK1/2+071/{3/2+O(K5/2) (czﬁnl/‘l) (5.9)
leading to exponential growth as depicted in Fig. 10. In the case of the down-step we find a similar result
y =:i:icxl/zﬂ:icfllc3/2:l:0(/<5/2) (5.10)

and we note that (5.10) appears to predict purely imaginary solutions for simiiiis is so to all algebraic powers efbut
there is also a weak decay given by

Rey ~ —(r/2./6) e vV7/. (5.11)
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Fig. 10. Plot of the real growth rate (solid) as a function of for the up-step profile (4.14a). Dotted lines show the asymptotic results (5.8),
(5.9) for smallc and largec.
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Fig. 11. Behaviour ofy(¢) for a narrow down-stepy; (y), with « = 0.1. We show numerical results (solid) and the asymptotic approximation
(dashedy, ~ cog(ckY/2 4+ ¢=1k3/2)1], ¢ = /2 = 1/4, derived using (5.10).

The oscillatory behaviour of the amplitugér) for a narrow down-step witkh = 0.1 is shown in Fig. 11. Fig. 12 shows the
corresponding vorticity field in the critical layer at times corresponding to minima or maxim@)iim the left-hand panels, and
times wheny (¢) = 0 down the right-hand side. We see that the vorticity field becomes increasingly braided as time increases,
yet retains the same overall structure at corresponding points aiitheurve. In a coarse-grained sense, at the minima/maxima
the vorticity field has ar/ or W configuration in terms of the white regions, while at the zero-crossings the white and black
regions are aligned in. The physical picture shown earlier in Fig. 6 is too simplified to capture the case of fine structure in
the critical layer; however we note that the dominant feedback on the normal mode component will occur precisely during
the zero-crossings when this alignment takes place. Note that in the code (weak) viscosity is acting to smooth out fine-scale
fluctuations in the vorticity field. The smoothing of such fine-scales is virtually irrelevant to the evolution of the ampiitude
as itis forced by a term that integrates over the vorticity (recall (4.5)), and this is confirmed by the excellent agreement with the
inviscid frequency in Fig. 11.

Finally we consider when a step is displaced by an amgunfrom the centrey = 0 of the critical layer. This models the
situation when the edge of a ring of vorticity is no longer exactly centred=at, . If we set

AE () =+ O/~ (up/down) (5.12)

the solutions fom(r) are complex-valued. The real part of the growth rate shown in Fig. 13 as a function ef for a down-
step with different values @8. It is seen that for each value ofthe quasi-mode remains stablefs increased from zero and
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Fig. 12. Vorticity fieldw (y, t) 9 4 c.c. plotted in grey scale againgt, y) for 0 <6 < 27 and—0.3 < y < 0.3. The times are (&)= 20.4,

(b) =23, (c)t =25.6, (d)r =281, (e)t =30.7, (f) r =332, (g)r = 35.8, (h)r =383, (i) t = 40.9 and (j) = 434, corresponding as closely

as possible to the maxima, minima and zeros of the amplitude of the quasi-mode. The sequence of plots starts in the top left and then proceeds
left to right and top to bottom (times of maxima and minima appear in the left hand column, zeros in the right).

the step moves out of the critical layer, but the quasi-mode is less strongly damped. On the other hand, shifting an up-step away
from the centre reduces the instability growth rate. Asymptotic results for kangay be obtained from the dispersion relation

y =47 erfc(y /nk —i8) e/ —1H?  (up/down) (5.13)
giving
B
Rey = +re P — 732 F° (1 —48 / g=p? du)x‘l + -+ (up/down) (5.14)
0

for n = 2, which is plotted in Fig. 13 with dots. The factor of e{ngz) that runs through the asymptotic result tells us that

as we increase the displacement of the step from the centre of the critical layer the relevant growth or decay rate becomes
exponentially small. It should be noted that we have considered only positive glaiftay from the centre of the critical layer:
replacingp by —p simply gives the complex conjugate growth ratefrom the form of Eq. (5.13).

5.2. Bumps and troughs

We now consider the case of bumps and troughs of the fine-scale vorticity distribution in the critical layer. Th@(mhs
we consider are given in (4.14) above (see also Fig. 7(e)—(h)). The dispersion relation becomes

y =Fiv2re[l— r(y/nk)erfcly /ni) eVz/"z"Z] (bump/trough): (5.15)
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Fig. 13. Plot of Res againstc for different values of displacemeyt Solid curves are numerical results for down-sigp(y) (top plot) and
up-step)»i‘(y) (lower plot), given by (5.12). Dashed curves show asymptotic behaviour given by (5.14). The displagemierd the values
B =0, 025,05, 075 and 10.
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Fig. 14. Plot of Rer (solid) and Imy (dashed) as functions ef for the trough profile (4.14b). The growth ratedor a trough profile are the
complex conjugate of those for the bump profile. Dotted lines show the asymptotic results (5.16) far anth(5.17) for large .

plainly the trough profile simply gives the complex conjugate growth rate of the equivalent bump profile, and so we focus
on the case of a trough only. Results for growth rates are shown in Fig. 14 and are found by solving (5.15) numerically and
asymptotically. The effect of the trough is to destabilise the quasi-mode, with-R@ (solid curve) for the whole range of
Together with growth we have oscillations, sinceyirgg 0 (dashed curve).

We find asymptotic results (dotted curves on Fig. 14) by the same methods used to analyse the up-step and down-step. For
k < 1 andn = 2 we again use standard results from Chapter 7 of [38] to give

y = %(«/ﬁ Ti)v2(r 0?3+ O(k*3)  (bumpltrough) (5.16)
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while if k > 1
y=Fiv2re+er®?c1x %i(Zﬂ ©%/%(n + 2k 2+ 0k ~3)  (bumpltrough) (5.17)

These asymptotic results confirm that the amplitude of the quasi-mode possesses unstable oscillations for bumps or troughs in
the critical layer.

6. Discussion

In this paper we have considered the stability and dynamics of vortices with sharp edges and additional fine structure at their
periphery. Such vortices arise naturally through strongly nonlinear interactions in two-dimensional turbulence and in many
geophysical applications. To understand issues of stability we have examined an idealised model of an isolated, axisymmetric
vortex and excited non-axisymmetric motions by an impulsive strain. We obtain quasi-modes with damping or growth rates
related to the magnitude of the vorticity gradient in the critical layer; note that for vortices in practical situations peripheral
vorticity may seem weak in magnitude and so unimportant, but gradients can still be strong through stripping and merger
processes. Obviously the significance of such instabilities depends on how the time-scale of growth or damping compares with
other time-scales in a full dynamical problem, for example the time-scale between vortex collisions.

First we considered a family of isolated vortices varying from a smooth profile at one extreme to a top-hat vortex at the
other. In the limit of the top-hat vortex, the dynamics is dominated by the vorticity distribution in a thin critical layer, where the
angular velocity of the fluid flow is resonant with that of a normal mode. This mode can be considered as an elliptical distortion
of the top-hat vortex and, depending on the vorticity gradient, positive or negative, the mode will be destabilised or stabilised,
respectively. In the latter case the rebound phenomenon operates, and enstrophy is transferred from the non-axisymmetric
components to the mean, as the elliptical distortion of the top-hat vortex decays with time by the mechanism depicted in Fig. 6.
The evolution of the quasi-modes was explored numerically, and agreement with theory obtained [16,17,19].

We then discussed the role of fine structure within the critical layer by introducing steps, bumps and troughs in the basic
axisymmetric vorticity profile. These model additional fine structure at the periphery of two-dimensional vortices. Using linear,
inviscid theory, we have considered the effects of this additional structure on the structure and stability of the resulting
guasi-modes. The results are summarised in Table 1 for the four different profiles and two particular limitsc \(dinen
equivalently,w) is small, we obtain a narrow structure in the critical layer, while large valuesgbfe rise to a wide structure.

In each case we have backed up our numerical studies with asymptotic analysis.

Let us focus first on the up-step and the down-step and, for definiteness and simplicity, take the compact vortex to be of
top-hat type. These steps have the same effect as a uniform gradient in the critical layer in that they respectively destabilise and
stabilise the normal mode, that is the elliptical distortion of the top-hat vortex. However, in the case of a down-step, asthe scale
of the step is reduced, we find that exponential decay is replaced by decaying oscillations. In the limit of a very small-scale step,
the behaviour is primarily oscillatory with rather weak, exponentially small decay. These oscillations correspond to a complex
conjugate pair of roots in the dispersion relation, and the normal-mode amplitude passes through zero periodically. In terms of
a top-hat vortex, the vortex would oscillate through elliptical and circular states as it evolves, coupled to the critical layer. For a
bump or a trough in the vorticity profile, centred on the critical layer, the effect is always destabilising, with oscillations. In this

Table 1

Table summarising the effect on quasi-modes of fine structure in the critical layer. A description of the
profile in the critical layer is given, together with the analytical fa2n(Y). The related parametersand

w (with « = w/ L) give the width of the fine structure

Description L) w andi Growth or decay rate
amplitude frequency

Shallow up-step werf(Y /w) >1 O(1) growth

Sharp up-step werf(Y /w) <1 O(x1/2y growth

Shallow down-step —werf(Y/w) >1 O(1) decay

Sharp down-step —werf(Y/w) <1 Exp. weak decay @l/?)

Broad bump we Y2 /w? >1 O« 1) growth )

Narrow bump we Y2 /w? «1 O(«2/3) growth Qxc2/3)

Broad trough —we Y /w? >1 O~ 1y growth ay

Narrow trough —weY?/w? «1 O(x2/3) growth Qc2/3)
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case there is a single complex root, not a conjugate pair, to the dispersion relation. This means a modified rotation rate of the
normal mode; a top-hat vortex would carry a growing, rotating elliptical distortion, but not go through circular states.

There are several ways in which to extend the present study. One is to understand the results on fine structure in the critical
layer in terms of Landau poles through analytic continuation of the normal mode equation in the complex plane [18,19]. Another
possibility would be to consider the effects of viscosity. In this case we would introduce a driving force to maintain a given
axisymmetric profile against viscosity, and then study the evolution of quasi-modes in a system such as (4.1) but with a viscous
damping term on the right-hand side of the vorticity equation. This study is currently in progress. Moreover it would be of
interest to investigate the effects of nonlinearity in the critical layer, building on the study of BLSY, in order to understand
the dynamics of instabilities in vortices with fine structure at their edges. Simulations using, for example, contour dynamics
techniques could complement predictions arising from nonlinear critical theory theory and thereby settle important issues such
as whether the instability saturates. In the absence of the fine vorticity BLSY demonstrated that at sufficiently large amplitudes
a cat's eye pattern forms and the vortex is permanently deformed to a tripolar structure.

Lastly, in practice vortices are often embedded within rotating strain fields. Here we have concentrated on the problem of
an impulsive strain, but the study of other types, for example the ramped strain of [6] should be investigated, both in the theory
developed and in fully nonlinear simulations.
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